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Tube model for the elasticity of entangled nematic rubbers
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Abstract. Dense rubbery networks are highly entangled polymer systems, with significant topological
restrictions for the mobility of neighbouring chains and crosslinks preventing the reptation constraint
release. In a mean-field approach, entanglements are treated within the famous reptation approach, since
they effectively confine each individual chain in a tube-like geometry. We apply these classical ideas to
calculate the effective rubber-elastic free energy of anisotropic networks, nematic liquid crystal elastomers,
and present the first theory of entanglements for such a material.

PACS. 61.41.4e Polymers, elastomers, and plastics — 61.30.Vx Polymer liquid crystals — 62.20.Dc Elas-

ticity, elastic constants

1 Introduction

Rubbery polymer networks are complex randomly disor-
dered amorphous systems. The simplest theoretical mod-
els consider them as being made of “phantom chains”,
where each chain is thought to be a three-dimensional
random walk in space. To form a network, the chains are
crosslinked to each other at their end points, but do not
interact otherwise, in particular they are able to fluctu-
ate freely between crosslinks. This has an unphysical con-
sequence that the strands can pass through each other.
If one tries to avoid this assumption, the theory is con-
fronted with the intractable complexity of entanglements
and their topological constraints. The mean-field treat-
ment of entangled polymer melts and semi-dilute solu-
tions is the classical reptation theory [1,2] going back to
the early seventies, which has been a spectacular success
in describing a large variety of different physical effects.
However, the parallel description of crosslinked rubbery
networks has been much less successful. First of all, there
is a significant difference in entanglement topology: in a
melt the confining chain has to be long enough to form
a topological knot around a chosen polymer; even then
the constraint is only dynamical and can be released by a
reptation diffusion along the chain path. In a crosslinked
network, any loop around a chosen strand becomes an en-
tanglement, which could be mobile but cannot be released
altogether. A number of other complexities arise from
the coupling between imposed deformations and chain
anisotropy, the stress-optical effects [3-5] and nematic in-
teractions between chain segments [6,7].

In addition, the polymer network can be spontaneously
anisotropic, forming a liquid crystalline elastomer (LCE).
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This area has attracted a significant experimental and
theoretical interest in recent years. In nematic LCE, the
strands preferably orient themselves along one direction,
forming a nematic liquid crystal order. The response to
an external deformation is now of a much richer nature,
with antisymmetric stress and internal torques depending
on the relative angle of the director to the axis of deforma-
tion [8]. Liquid crystalline elastomers combine remarkable
properties of both their components, liquid crystals and
rubbers, but also show physical properties that place them
in a separate category from any other material. Several
new physical phenomena have been discovered in LCE:
a) spontaneous, reversible shape changes of up to 400%
on temperature change; b) “soft elasticity” —mechanical
deformation, involving modifications of internal nematic
microstructure, without (or with very low) stress; c) me-
chanical and electric instabilities involving director reori-
entation, in special cases discontinuous jumps; d) solid
phase nematohydrodynamics and unusual rheology, lead-
ing to anomalous dissipation and acoustic effects. Recent
reviews [9,10] describe the current state of affairs in this
field. Our challenge in this paper is to bring the micro-
scopic theoretical description of nematic rubbers on the
same level as in the classical isotropic rubbers, in partic-
ular, to account for chain entanglements.

An early model of elastic response of entangled rub-
bers was developed by Edwards [11]: in tradition with the
melt theory, it assumed that the presence of neighbouring
strands in a dense network effectively confines a particular
polymer strand to a tube, whose axis defines the primi-
tive path. Within this tube, the polymer is free to explore
all possible configurations, performing random excursions,
parallel and perpendicular to the axis of the tube. One can
show that on deformation of the sample the length of the
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primitive path increases. Since the arc length of the poly-
mer is constant, the amount of chain available for per-
pendicular excursions is reduced, leading to a reduction
in entropy and an increase in rubber-elastic free energy.
A number of further attempts have been made to derive
a self-consistent theory of entangled rubber elasticity. Of
this list, the most significant are the scaling “localisation
model” of Gaylord and Douglas [12], the “slip-link model”
of Ball, Doi, Edwards and Warner (BDEW) [13], account-
ing for entanglements as local mobile confinement sites
linking two interwound strands, and the “hoop model”
by Higgs and Ball (HB) [14], who assumed that entangle-
ments localise certain chain segments.

In our current work, we extend the tube model to treat
the elasticity of anisotropic networks of liquid crystalline
polymers. To our knowledge, this is the first time that
a reptation model has been applied to treat the effects
both of the entanglements and of the anisotropic nature
of the nematic network. The tube model provides a more
accurate microscopic description in the sense that it keeps
track of the allocation of chain segments and their excur-
sions between the points of entanglement. The next sec-
tion briefly reviews the ideal phantom-network approach
to the elasticity of nematic rubber and introduces the
tube model and its properties, giving the full expression
for nematic rubber-elastic free energy. Section 3 contains
the discussion of the model and its results, including the
linear-response limit. We conclude by comparing the re-
sults of the present theory with those of the ideal phan-
tom network and analyse which physical properties of LCE
seem to be most sensitive to the effect of chain entangle-
ments.

2 Nematic elastomer network

Before developing our model for macroscopic elasticity
of densely entangled rubber, we briefly review the well-
known results of the phantom chain network theory, which
provides the basics to most other theoretical models.

Phantom chain approximation

Assuming that a single polymer performs a free random
walk in three dimensions, one finds that the end-to-end
distance Ry obeys a Gaussian distribution in the long-
chain limit. This result goes back far in history: one can
review its derivation and consequences in the classical text
on this subject [2]. The distribution of Ry is given by

3/2 3
PO(RO) = (27TNb2> €xXp <_2Nb2 R%) )

where b is the monomer step length and N the number of
steps of one chain trajectory.

In a nematic polymer, irrespective of the particular
mesogenic mechanism, the monomer steps acquire a pre-
ferred orientation along the director ng. Accordingly, the

(1)
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end-to-end distance distribution function of a strand be-
comes anisotropic as well:

3 \3/2
_(_° —1/2
PR = (5) ety 2
X exp <—%R§ ~£gl ~R0> ,

where Nb = L is the contour length of the chain, and the
matrix £ ,bakes account of the anisotropy:

(£ )i = I3 0i; + (1§ — I3 )noino; -

=0

This matrix of anisotropic chain steps is directly measur-
able from the average chain shape, given by (R;R;) =
%(ﬁ o)ijL' The principal values of this effective step length

matrix, [§- and l(‘)l7 reflect the spontaneous nematic order
in the material. In the isotropic phase, e.g., above the ne-

matic transition temperature Ty, l(l)| = Z(J)- = b and one
trivially recovers the isotropic Gaussian distribution (1).
The difference z(')‘ — I is proportional to the nematic order
parameter Q. However, the explicit form of this depen-
dence is different in different models of nematic polymers.
In a most simple case of freely jointed chain of rods of
length b, one obtains l(l)‘ = b(1 +2Q), Iy = b1 —Q),
while in the hairpin regime of semiflexible main-chain ne-
matic polymer the anisotropy could become very large:

l(l)‘ x exp[3/(1 — Q)], cf. [15]. The power of the ideal the-
ory of nematic rubber elasticity [8] lies in the fact that
it is independent of such model considerations and only

uses a single model parameter —the ratio r = lg /ls, or
equivalently, r = (Rf)/(R? ) for the principal values of the

gyration radius. We shall see below that this attractive
feature is reproduced in the theory of entangled nematic
networks.

The entropic free energy of such an anisotropic random
walk is given by the logarithm of the number of confor-
mations with the fixed Ry and has the form

3 _
BF = —InP(Ry) = ﬁROT -4+ Ry + const,

where 8 = 1/kgT is the inverse Boltzmann temperature.
At formation of the network, i.e. at crosslinking, the poly-
mer melt is assumed to obey the anisotropic Gaussian
distribution (2), which is then permanently frozen in the
network topology. In the phantom network approxima-
tion, the lateral restrictions on the chain thermal motion
are neglected and different network strands interact only
at the crosslinking points.

One then assumes that the junction points deform
affinely with respect to their initial positions Ry by the
macroscopic deformation A, hence we can write R = AR,.
Therefore, the deformation X alters the free energy of each
strand. The change of free energy per chain of the whole
network can be calculated by the usual quenched averag-
ing

BF = —(In PQRo) piryy = 5Ty AT-£," ), (3)
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where we have dropped an irrelevant constant and found
a new expression for the chain step length matrix after
deformation:

(

)iy =165+ (I =15 )niny

with the rotated director, (n - ng) = cosf, and possi-
bly changed principal values Il and 1. The overall elastic
free-energy density, in the first approximation, is simply
(3) multiplied by the number of elastically active network
strands in the system n, per unit volume, which is pro-
portional to the crosslinking density:

1 _
Fel:ﬁ”r'[‘r@o'éT'gal'é)’ (4)

with the rubber modulus u = nehksT, cf. [8] for details.

The phantom-network model of rubber elasticity is
a popular first approximation. There are several reasons
for its overall success in spite of obvious oversimplifica-
tions. The crosslinking points connect the ends of differ-
ent strands together and thus reduce local fluctuations —
and, therefore, alter the single-chain statistics. However,
in spite of an apparent complexity of this problem, it has
been shown [16] that this effect merely introduces a triv-
ial multiplicative factor of the form 1 — 2/¢, where ¢ is
the junction point functionality. Secondly, one can assume
that the deformation preserves the volume, since the bulk
(compression) modulus is by a factor of at least 10* greater
than the shear modulus, which is proportional to u; this
implies the constraint det A = 1. Thirdly, the quenched
average in equation (3) does not average over chains of
different arc lengths, but the fact that the result is inde-
pendent of arc length generalises the result to apply for
chains of arbitrary length, or even for a polydisperse en-
semble of chains. In the particular case of nematic LCE,
this simple model provides a rich crop of theoretical pre-
dictions described in greater detail in the quoted review
articles.

The tube model

Following the original ideas of Edwards [11], we assume
that one particular network strand is limited in its lat-
eral fluctuations by the presence of neighbouring chains.
Therefore each segment of a given strand only explores
configurations in a limited volume, which is much smaller
than in the random coil state. Hence, the whole strand
fluctuates around a mean path, which we call the prim-
itive path. Effectively, the chain is confined to exercise
its thermal motion only within a tube around the primi-
tive path due to the presence of neighbouring chains. This
primitive path itself can be considered as a random walk
with an associated typical step length, which is much big-
ger than the monomer step length [17]. The step length of
the primitive path divides the tube into tube segments, as
sketched in Figure 1, and therefore determines the number
of tube segments M along one polymer strand.

Note that all chains are in constant motion, altering
the local constraints they impose on each other. Hence, the
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Fig. 1. A nematic polymer strand is surrounded by neigh-
bouring chains, which effectively confine the strand to a tube.
The tube segment m contains s,, monomer steps, where the
index m runs from 1 to M. Since the direction of chain steps is,
on average, uniaxial (as illustrated by the drawing of an ellip-
soidal shape of a free chain gyration on the right), the number
of steps in each tube segment depends on the orientation of
A,, with respect to the nematic director n.

tube is a gross simplification of the real situation. How-
ever, one expects this to be an even better approximation
in rubber than in a corresponding melt (where the success
of reptation theory is undeniable), because the restriction
on chain reptation diffusion in a crosslinked network elim-
inates the possibility of constraint release.

To handle the tube constraint mathematically, we as-
sume that the chain segments are subjected to a quadratic
potential, restricting their motion transversely to the
primitive path. Along one polymer strand consisting of
N monomers of effective step length b, there are M tube
segments, each containing s,,, m = 1,...,M monomer
steps. We infer the obvious condition

M
Zsm:N.
m=1

In effect, one has two random walks: the topologically
fixed primitive path and the polymer chain restricted to
move around it —both having the same end-to-end vector
Ry, between the connected crosslinking points.

Each tube segment m can be described by the span
vector A,,, joining the equilibrium positions of the strand
monomers at the two ends of each tube segment. The num-
ber of tube segments M (or, equivalently, the number of
chain entanglements, M — 1) is a free parameter of the
theory, ultimately determined by the length of each poly-
mer strand and the average “entanglement density”. One
should note that the above treatment of the primitive path
with fixed nodes and the unique way the chain passes from
one tube segment to the next is very close to the ideas of
hoop model by Higgs and Ball [14], although we addition-
ally take into account the lateral confinement of the chain
between the entanglement points.

Since the primitive path is a topologically frozen char-
acteristic of each network strand, we shall assume that all
primitive path spans A,, deform affinely with the macro-
scopic strain: A] = AA,,. This is the central point in
the model: the rubber-elastic response will arise due to

(5)
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the change in the number of polymer configurations in a
distorted primitive path. To evaluate the number of con-
formations, we look separately at chain excursions parallel
and perpendicular to the tube axis, within each span A,,.
Effectively, this amounts to introducing a new coordinate
system for each tube segment, with one preferred axis
along A,,. The constraints exerted by the other chains
only constrain the considered polymer in its lateral mo-
tion. Hence, we recover the behaviour of a one-dimensional
random walk in the direction of A,,, giving rise to Gaus-
sian statistics in the long-chain limit. Note that only one
third of the steps s,, in this tube is involved in the longi-
tudinal excursions. We therefore obtain for the number of
longitudinal excursions in a tube segment m, cf. Figure 1,

1 1
W o ——— = AT AL ).
m X Sm/3 exp ( 2b(57n/3) m = (6)

The spontaneous anisotropy of nematic polymer chain is
reflected in (6) by accounting for the difference in the
number of chain conformations in a given tube segment,
depending on its orientation with respect to the local ne-
matic director (the principal axis of step length matrix
)

To determine the number of transverse excursions, we
introduce the Green’s function for the steps made by the
chain in the plane perpendicular to the local tube axis
A,,. In effect, we consider a two-dimensional random
walk, with a total number of steps (2s,,/3), in a cen-
trosymmetric quadratic potential. For each of these two
perpendicular coordinates, the Green’s function satisfies
the following modified diffusion equation (see, e.g., [2],
and its extension for the uniaxial nematic case in [16]).
The argument that follows, about transverse chain move-
ments in a confining potential, has a very simple conclu-
sion —that the conformational effects are irrelevant for
the calculation of rubber elasticity and the only important
factor is the number of chain steps attributed to this de-
gree of freedom. Equally, the anisotropic (nematic) nature
of chain random walk does not contribute to the entropy
of strongly confined transverse excursion.

Although the full anisotropic treatment is possible,
here we shall use a much shorter and transparent version
of the isotropic chain confined in the tube; its Green’s
function satisfies the differential equation for each of the
two coordinates:

9 1,0 1,, N
(E_ib 3—x?+§q0xf G(zi, x5, 8) =(xs—27)d(s), (7)

where the z; and z¢ are the initial and final coordinates of
the random walk with respect to the tube axis and ¢ de-
termines the strength of the confining potential. Equation
(7) is very common in the physics of polymers and its ex-
act solution is known. However, we only need to consider
a particular limit ggbs,, > 1 of this solution, which is the
case of dense entanglements (resulting in a strong confin-
ing potential) and/or of a large number s, of monomers
confined in the tube segment. Outside this limit, that is,
when the tube diameter is of the same order as the arc
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length of the confined chain, the whole concept of chain en-
tanglements becomes irrelevant. In the strongly confined
limit the solution has a particularly simple form [11]:

(8)

1
Glai ;) o exp (|~ (a2 + aF) — —qobsim ) -

2b 6
Remembering that there are two coordinates describing
the transverse excursions, we obtain for the two-dimen-
sional Green’s function of the tube segment m

1
G (75,73 8) o exp (—qubsm) exp (—%(T? + T?)) , (9)

where r; and 7 are the initial and final transverse two-
dimensional coordinates.

The total number of transverse excursions is propor-
tional to the integrated Green’s function

Wr(r;F) X /d'l"i/deG'rn(Tivrf;S)'

Since the Green’s function (9) does not couple the initial or
final coordinates to the number of segments s,,, this inte-
gration will only produce a constant normalisation factor
which can be discarded.

Exactly the same conclusion is reached if the modified
diffusion equation for anisotropic chain is considered. If
the local tube axis A,, is not parallel to the local nematic
director n, one should expect an anisotropic confining po-
tential. In simple terms, there should be fewer restrictions
along the direction of preferential alignment of the neigh-
bouring segments [2]. Accordingly, both the transverse
step length b and the effective potential strength ¢¢ in
equation (7) would depend on n (the two principal direc-
tions in the transverse plane are along n x A,, and along
[n x A,;] X Ay,). By symmetry and by dimensional con-
siderations, the effect of uniaxial anisotropy is opposite in
b and in qg. Therefore, although the position-dependent
exponent in a modified Green’s function (9) would reflect
the nematic anisotropy, the scalar exponent —%qobsm re-
mains invariant. Since only this term contributes to our
subsequent analysis, the nematic anisotropy has no influ-
ence on the distribution of monomers between the tube
segments, {s,,}, which is mainly responsible for the effec-
tive rubber-elastic response.

Gathering the expressions for statistical weights of par-
allel and perpendicular excursions (and returning to the
fully anisotropic description), one obtains the total num-
ber of configurations of a polymer segment consisting of
Sm monomers in a tube segment of span A,,:

Wm = Wy(nL) Wr(nT)

x 1 exp (—lqobsm— AT -éo_l - Am> . (10)

S 3 2b(s1m/3)

Therefore, we find for the full number of configurations of
the whole strand

N N M M
W_O/dsl"'o/dsj\l <£1Wm> 0 (W;Sm_N>v (11)
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where we have implemented the polymer contour length
constraint (5). The statistical summation in (11) takes
into account the internal reptation motion of the polymer
between its two crosslinked ends, by which the number of
segments, s,,, constrained within each tube segment can
be changed and, thus, equilibrates for a given conforma-
tion of primitive path.

Rewriting the delta-function as §(z) = 5= [dke*?,
we proceed by finding the saddle points s, which make
the exponent of statistical sum (11) stationary. It can be
verified that the normalisation factors 1/,/s,, contribute
only as a small correction to the saddle points

3AT 1A\
* L mo =0
Sm < 2b(Lqob + ik) ) ‘

The integral in (11) is consequently approximated by the
steepest-descent method. We repeat the same procedure
for the integration of the single auxiliary variable k, re-
sponsible for the conservation of the polymer arc length.
The saddle point value k*, inserted into (12), gives

Nig 2 A
S AL

which is the equilibrium number of steps the nematic poly-
mer makes in a tube segment characterised by the axis
vector A,,. By completing the saddle point integration,
we finally obtain the total number of configurations of
one strand, confined within a tube whose primitive path
is described by the set of vectors {A,,}. The statistical
weight W associated with this state is proportional to the
probability distribution

W(Ay,...,Ay) x P{ALY})

2
ex (=i (S0 162 401)” ~ Jaut )
x . (13)

(D15 2 an)

The scalar |£(;1/2Am| reflects the length of the m-th step
of the primitive path, modified by its projection on the
uniaxial matrix of chain step lengths. This expression is
a result parallel to the ideal Gaussian P(Ry) in equation
(2) for an unentangled chain. Note that the chain end-
to-end distance Ry is also the end-to-end distance of the
primitive-path random walk: Z%:l A, = Ry.

(12)

Sm =

Free energy of deformations

From equation (13) we obtain the formal expression for
the free energy of a chain confined to a tube with the
primitive-path conformation {A,,}, BF = —InW, or

+H(M —1)In (Z |£g”2Aml> 7

m=1

(14)
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where we have dropped the irrelevant constants arising
from normalisation. We now perform a procedure which
is analogous to the one used to obtain equation (3). In the
polymer melt before crosslinking, we assume that the en-
semble of chains obeys the distribution in (13) giving the
free energy per strand (14). The process of crosslinking
not only quenches the end points of each of the crosslinked
strands, but also quenches the nodes of the primitive path
A,,, since the crosslinked chains cannot disentangle due
to the fixed topology of the network. In our mean-field
approach, the tube segments described by A,, are con-
served. For evaluating the quenched average, note that
the statistical weight (13) treats all tube segments m in
an equivalent way. This allows one to perform the sum-
mation over the index m, separating the diagonal and the
off-diagonal terms:

3
2N

o —1/2 —1/2
MM = 1)(16, Al An))

+(M —1) <ln <IZV[: g01/2Am|>> ,

for arbitrary values of m and n # m; the brackets (---)
refer to the average with the probability P({A,,}) given
n (13).

Any mechanical deformation expressed by the general
strain tensor A will affinely transform A,, into A =
AA,,. It could also affect the nematic order: the direc-
tor n could adopt a different orientation under deforma-
tion and the degree of average chain anisotropy r may
change as well. In other words, the matrix E , which char-
acterises the anisotropy of the steps, transformb into a
new matrix £ 0 with different eigenvalues Il and [+ in a

OF = o (Ma], 4 - A)

(15)

reference frame rotated by the angle 6. Hence |£51/ A,

transforms into |£;1/ 2éAm| on deformation, but the dis-
tribution P({A,,}) remains unchanged. Bearing this in
mind, we can evaluate the averages (15), leading to the
free energy per crosslinked chain. Appendix A gives a more
detailed account of how one evaluates the averages. The
resulting elastic energy density takes the form

2 oM + 1 —
= - T
el 3 3M + I‘(g é é A)
3 2M+1 =i 1/2
Zu(M =1 -
+2M( >3M+1 (lée é éo |)
+u(M = D)nfg, 2 X077, (16)

where we use the notations

75 < 179, 1

-1/2 y g1/2) _ * -1/2 y _g1/2

|£9 A éo ‘_ A /d9|£9 é éo e|,
le|=1

1 —1/2 1/2
[ aemig A g e

le|=1

1n|£;1/2 'é'é(l)/z\ -
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(the overline notation ~=~ refers to the angular averaging
over the orientations of an arbitrary unit vector e used
to contract a corresponding matrix into a vector, before
calculating its absolute value).

Expressions (17) and (18) can be evaluated in various
particular cases of deformation A and director orientation.
Appendix A gives a result for uniaxial deformation along
the director, where A takes a diagonal form with A\l = A

and A = 1/v/X. Explicit formulae for (17) and (18) need
to be inserted into (16) to give the full elastic energy.

3 Discussion

From expression (16), we can recover the elastic free en-
ergy of an ideal phantom-chain nematic network by taking
the case M = 1. This limit means physically that the poly-
mer strand is placed in one single tube, tightly confined to
the axis. Mathematically, a random walk in three dimen-
sions with N steps is equivalent to a random walk in one
dimension along a given direction with N/3 steps. This
fact is the underlying reason why we recover the phantom
chain network result by taking M =1 in our model.

On the other hand, as the number of tube segments
M becomes large, one obtains a rubber-elastic energy of
the form

F=uM (<<|£9—1/2 'é'ﬁé/QD)Q +(n |£;1/2 'é'éé/zb) .

(19)
There are two ways to have a physical situation corre-
sponding to this limit of M > 1: either the polymer melt
is very dense, causing a high entanglement density, or the
polymer chain is very long between its crosslinked ends.
In the latter case, the polymer strand experiences many
confining entanglements along its path.

Recall that the Fy) is the elastic energy density, which
relates to the free energy per chain F as Fy = nenF,
where ng, is the density of crosslinked strands. We can
assume that in a polymer melt, the chain density is in-
versely proportional to the volume of an average chain,
hence inversely proportional to the contour length of this
chain: ne, o< 1/L. In case of the phantom chain network
the rubber modulus g = ncwksT' (Eq. (3)). One concludes
in this case that the elastic energy Fy scales with 1/L,
and therefore F,;) — 0 as the chains become infinitely long!
This behaviour reflects the fact that the phantom chain
model assumes the entanglement interactions of the chains
to be irrelevant. Clearly, this assumption breaks down in
the long-chain limit, where one expects the entanglements
to play a crucial role.

This unphysical effect is overcome by our expression
(19). As the strands become longer, they will experience
more entanglements, generating more confining tube seg-
ments. We could reasonably assume that the number of
entanglements and therefore the number of tube segments
scales linearly with the strand length L: M ~ L. Consid-
ering expression (19), one can note that the corresponding
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rubber modulus does not vanish in the limit L — oo, but
remains a constant corresponding to the “rubber plateau”
in a densely entangled melt.

Considering the particular case of uniaxial strain along
the constant nematic director m, one can examine one
of the key physical effects found in nematic elastomers
—the spontaneous mechanical deformations as the degree
of anisotropy is changed, for instance, by changing the
temperature (and thus the nematic order parameter Q(T')
and the effective chain anisotropy r). Within the ideal
phantom-chain model (4), applying a uniaxial deforma-
tion along the director n with Al = X\ and A+ = 1/V/\,
one obtains

1 (1! 1
Fa=—-p|9N+20=
1= oM (zl ter /\>’

where l(l)‘ and g are the principal values of L o and similarly
II'and I+ the ones of ée’ the anisotropy of a state after the

deformation (of course, in this case no director rotation
occurs). The free energy is minimised by the strain

A = (1 /101513

which describes a spontaneous uniaxial deformation of a
nematic rubber, first discovered theoretically in [16] and
mentioned in the literature ever since. For instance, if
the initial state £ is isotropic (at T > Ty;), then A, =

(11 /14)1/3 a function of nematic order parameter Q(T)
and could reach a remarkable value of 400% uniaxial ex-
tension in a highly anisotropic main-chain nematic rub-
ber [18].

This result is not altered by the complicated additional
terms in (16): remarkably, exactly the same deformation
Am minimises all three corresponding expressions derived
from (16), which are given in Appendix A.

If we now assume that both the chain anisotropy
and the director n are kept fixed under the deforma-
tion, £ ) = éo’ and that the strain tensor A is diagonal
in the reference frame of the anisotropy matrix, then we
observe that the matrices in (16)—(18) are all diagonal.
Hence the anisotropic terms cancel each other out, and
we are left with the same elastic energy as in the isotropic
case [14]. Hence, even if the material is anisotropic, its
linear elastic modulus does not depend on the orienta-
tion under the above assumptions of unchanged degree of
anisotropy r = Il /I*+: the Young moduli Ell = E+ = E.
However, the modulus for simple shear is partially af-
fected by the anisotropy of the nematic rubber. Consider
Aij = 0i; + eu,v;, with u and v, the two orthogonal unit
vectors defining the simple shear. If the deformation does
not mix the parallel and perpendicular directions, i.e., if
u and v are both perpendicular to n, then the shear mod-
ulus is the same as in the isotropic case,
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1 4 2M+1 1

3 +-(M—-1)-

11M +5
2 M4l . (20
3 3M+1 5 ) (20)

3M +1

On the other hand, if one of the vectors u or v is parallel
to the director n, then the shear modulus is changed by
a factor of (I¢/11)1/2 or (1 /1E)1/2, respectively.

If the material is not allowed to deform, any rotation
of the nematic director n away from its equilibrium ori-
entation ny will cost energy. In phantom-chain networks,
the trace formula (4) gives the corresponding elastic free-
energy increase as a function of 6, the angle between n
and nyg:

1 [ 2
AF, = l,u b + l—g —2|sin®6 ~ luum
20\l 2 T

(in the limit of small director rotation @). This gives the
expression for the relative rotation coefficient Dy, first
written down phenomenologically by de Gennes [19] and
extensively discussed in the literature [8-10]. In the small-
strain limit A = § + €, the coupling between the director
rotation w = [n x dn] and the antisymmetric part of the
strain {2; = €;;,€,; can be written as

%Dl I x (2 —w)]? + Dyn- e - [n x (2 - w)],

where €3 is the symmetric part of the small strain. The
entanglement model does not change the dependence D(r)
qualitatively, but introduces a coefficient associated with
the entanglement density:

(r—1)?

r—1)? /(33M2+22M +5
Dlzu( )<

~ 0.4u M
30(3M + 1) > K

r

Another key physical property of nematic rubbers is
the effect of soft elasticity. Fundamental internal symme-
tries of an elastic medium with an independently mobile
orientational degree of freedom, the nematic director n,
demand that there is a particular relationship between
the two relative rotation coefficients D; and Dy and one
of the linear shear moduli, C5 [20]. It has been shown [21]
that there is a continuous set of such soft deformations
(not necessarily small in amplitude) which, by appropri-
ately combining strains and director rotations, can make
the elastic response vanish completely

1/2 —-1/2
ésoft:£0/ gé /’
where U is an arbitrary unitary (3D rotation) matrix. It is
quite obvious that substituting this strain tensor into the
modified tube model expression (16) will leave this free
energy at its ground state level as well. It is, in fact, grat-
ifying that these two crucial physical effects (thermal ex-
pansion and soft elasticity), which have attracted so much
theoretical and experimental attention in recent years, are
left intact within a much more complex theoretical de-
scription of a highly entangled nematic elastomer.
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4 Conclusion

In this present work, we have analysed the behaviour
of a uniaxial nematic polymer network in the presence
of chain entanglements, which are treated within a tube
model approach. We found that this leads to a significantly
modified rubber-elastic energy which, in principle, should
supersede the earlier molecular theory (4). The present
model captures the physics of entanglements in a consis-
tent way and, for the first time, takes into account an
orientational effect of chain conformation in the tube seg-
ments aligned at an arbitrary angle with respect to the
uniform nematic director m. Since the role of entangle-
ments is, from all points of view, much more significant in
a crosslinked network, the theory provides a firmer ground
for the description of many theoretically known and ex-
perimentally tested results.

We have to remark that our model only describes the
equilibrium response of a network to deformation. Shortly
after applying the deformation, the network will need to
find a new microscopic equilibrium. Each polymer strand
would redistribute the monomers between the affinely
modified tube segments, attributing more monomers to
some segments, less to others, and eventually reaching a
new optimal conformation {3,,}. This gives the expres-
sion for the rubber-elastic free energy density (16). The
dynamics of this relaxation is based on the sliding (repta-
tion) motion along the primitive path while constraining
the end points of it. This process would be reflected in a
time dependence of the variable s,,, which is the number
of monomer steps attributed to the tube segment m. By
describing this relaxation process, one could extend the
present equilibrium model to describe the stress relaxation
and the short-time viscoelastic response of a nematic rub-
ber.

We appreciate many useful discussions with S.F. Edwards
and M. Warner. S.K. gratefully acknowledges support from an
Overseas Research Scholarship, from the Cambridge Overseas
Trust and from Corpus Christi College.

Appendix A. Evaluation of quenched
averages

To evaluate thermodynamic averages (A - égl A,
172 Al 1£/2 A, ) and (n(S £ /2 A,n]) in equation
(15), for the arbitrary m,n = 1,..., N, one needs to in-
tegrate the corresponding scalar functions of A,, with
respect to the probability distribution (13). For this pur-
pose, one has first to find the normalisation N of the distri-
bution, which can most easily be achieved by introducing
a new scalar variable u = 2%21 |0-1/2 A, to simplify the
exponent. It is also useful to change the integration vari-
ables from A,, to a transformed vector A~m = £51/2Am.
One obtains then
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it (T 12 4n))
(Z ‘£51/2Am|)M—1

M
) (uZ |§g”2Am|>
m=1

M exp <
N=T] / aa,,
m=1

dA,,

du __3 ,2
e 202N ¢
uM—1

= (4m)MDet £)/?

? 0\8

u u—|Aq]

X/dgljf / dA2A2

0 0

’U,*...f‘A]u_g‘

~ ~ L~ 2
dAN[,1A%[,1 (U - Z%:11|Am|)

In the last step, we introduced spherical coordinates
for the variables Avm, implemented the delta-function con-
straint u = 3 A,, and used the fact that the variables
A~m are bound to be positive. The underlined expression
is a multiple integral over the hyper-triangular domain in

the space of {A,,} and is a function of w, which we call
Ips(u). Since the integrals only involve power functions,
Ins(u) itself is a power in w. It is then evaluated via the
iterative procedure, which generates the recursive relation
and returns an explicit function:

u3]\/1—1

S

Iy =

with

Far = Nﬁl 3m(3m + ;)(3m +2) .

m=1

The first two terms in equation (15) involve the diagonal
(~ A2) or the off-diagonal (~ A,,A,) factors. In both
cases, the integration procedure is analogous to that of
the normalisation factor N above, except that either one
(m) or two (m # n) integrals in the sequence contain an
extra scalar factor of A,,. The corresponding angular in-
tegration over the orientations of A,, (producing a factor
of 47 in N') now becomes non-trivial, depending on its
angle relative to tensors A and € when the sample is de-
formed. This angular 1ntegrat10n is left unfinished here,
since it depends on particular deformation and dlrector
geometry; the main thermodynamic average of the diag-
onal (square) term returns the ideal trace formula in the
final free energy density (16), while the off-diagonal aver-
age returns the expression (17).

For the logarithmic term in (16), one obtains
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M/2
Detﬁo/ ©  du 5 2
= — e 2b2N
Af 0 uAJ—l

u o u7\51| =
X/ dAlA%/ dAQA
0 0
/ — *lAM 2|
0

dAy143, 4 (u—Ym)
(H / dn
m=1

--—|—AM—1|£9_1/2 A El/2eM 1]

|1A)

>ln {A 67 X078 |+

El/Qekﬂ

+ (ufz |Am|) ller

Here df2,, is the angular measure of orientations of the
corresponding unit vector €,,, along the modified tube seg-
ment vector A,,. In the last term under the logarithm, the
absolute value of Ay, is substituted by its value from the
delta-function constraint. The next step is to approximate
the logarithm with its complicated angular-dependent ar-
gument:

61/2 | +.

61/2

1I1[A1|£;1/2
+AM71‘£9_1/2 en—1|

Hu =Y 1A A 078 )

€em A
| -1 Am}
el U

small since w>A,,

= Infu] +In]g, /2 X £/ |
|12 N é(l)/2

M—-1
+1In {1+ =0 =
mz (5;”2-

12
AL,

~ In |£;1/2 A éé/26M| + const.

After this, all of the results of multiple integrals over dA,,
and df2,, cancel with the normalisation factor and the
only relevant contribution arises from the angular integra-
tion of the scalar logarithmic term over the orientations
of ey, cf. equation (18).

In the particular case of uniaxial deformation along
the nematic director ng, with Al = X (along my = const)
and A+ = 1/v/), the evaluation of equations (16-18) gives

Lo A lg\ 1
Tr(f, - A" 4,7 A) = i A +2<H)X7

- I Tln (222+¢
1/2 1/2 1 ly ly (/\3/2—5
‘ée/'é'£0/|_§ ZT)\+\/; v B
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In |§e—1/2 A £3/2| =In(\) —1

arctan(¢/\/r) 1 il
“r\/FT + 3 In <l_|0> ,

with the notations

Lyl
E=VA—7 and r—lol .

)

If we assume that the anisotropy is not changed by the
deformation, i.e. Eo = Ee (and the director preserves its

original orientation no)_, then the elastic response of the
nematic rubber is not different from isotropic behaviour.
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