Works out distributions and aver ages by usaing a
lattice; monomer and solvent each occupy one lattice
site.

Particularly good for lyotropic polymers, i.e. ones
wher e ther e are small solvent molecules present, as
well asthe stiff polymer chainsthemselves.

Partition function can be written asthe product of
two terms:

Z — Zcomb X Zorient

combinatoric orientation

A 8 Zeomp describesthe
V number of ways of

arranging identical rod-
like molecules on a lattice,
o with afixed
T 1] misorientation to the

[T 1] director.

Zqient takes into account the many additional
arrangements possible when allowance is made for
the possible different orientations.

Based on this approach the following key points
emer ge.
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 Thereisacritical axial ratio (i.e. length/width
ratio) ~6.4.

o For valuessmaller than thisan L C phase never
forms.

e LC and | phasescan coexist.

In itsssmplest form thetheory isathermal, but
molecular interactions—and hence T —can be built
In.

Then a phase diagram can be plotted.
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T
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These theories assume a completely stiff rod; in
practice molecules deviate from thisto a greater or
lesser extent.

In particular, temperature may increase molecular
flexibility.

Modificationsto Flory theory to take thisinto
account have been developed.

However, more drastic changes can also occur —in
particular biological molecules can undergo a helix-
coil transition.

e.g. proteins have internal hydrogen bonding which
favoursthe formation of the a-helix.

= Hellx
@ L6 halix

3.6 residues per tum
5.4 A per turn |“pite ")
1.54 per residue [“rise”), 19 residues = 374

These favour able inter actions can over come the
unfavour able loss of entropy.
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However asthetemperatureisraised, thegain in
energy no longer issufficient to overcomethe
entropic term, and a transition occurs.

| magine chain of N unitsexisting as sections of coil and
helix, with h unitsin helical regionsand g units of each
type (so 2g junctions between coil and helix).

AF. ischangein free energy when coil moves from a coil
to helix state.

AF, isfree energy associated with junction —it represents
the fact that neighbouring hydrogen bonds are easier to
form onceoneisin placei.e. represents cooper ativity.

Number of ways of arranging h out of the N unitsinto g
helical regions

h!
Q. =—
" gl(h-g)
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Similarly there are Q. ways of arranging the (N-h) coail
segmentsinto g units

___(N=h)
° g(N-h-g)

Entropy associated with these arrangements
AS(h,g,N) =kgIn(Q.Qn) which can be expanded via
Stirling's approximation.

Total free energy

F(h,g) = hAFy + 20AF, — TAS,(h,g,N)

Thisneedsto be minimised wrt h and g to yield

c(h-g) _ exp[—ZAic] _

h(c-g) ks T
g° ~ _2A|=j_
(c—g)(h—g)‘exp( ot

wher e c=N-h the number of coil regions.

srepresentsthe preference for a given segment to bein
the helix state, and will be temper atur e dependent:
s<1 meansthe coil stateispreferred; s>1 the hdlix.

o isa measure of the cooper ativity of the transition;

o = 1implies no cooper ativity; 0=0 impliesjunctionsare
forbidden.
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Put f,, = h/N, the fraction of unitsin the helix state, and
substitute for g gives

1 (s-1)
fh ==+ >
2 2y(s-1)?*+4so

¥ pum————
- -
-

5 -
~
N\
\\

" o=001,’
. 5=0.0001

0.5 1 1.5 2

o o
&~ =9
.
l‘ q
I
—
Y
)

e
o

Fraction of segments in helical state

©
o

s<1 meansthe coil stateisenergetically favoured.

Breadth of transition dependson o.

Notethat thisis _not afirst order phasetransition, which
cannot exist in 1D.
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Have so far described the orientation in terms of the
scalar order parameter

S =1/2<3cos’0 - 1>

However, in the presence of external fields which may
not be aligned with the director, need a more formal
analysis.

Nematic phases either have an inversion centre, or
equal probabilities of pointing up or down —do not
get ferroelectric nematics.

If v@isthe unit vector pointing along the molecular
axis of the molecule at x°, then both v and -v°®
contributetotheorder (i.e. quadrupolar not dipolar
order): any order parameter must be even in v°, and
avector order parameter isinsufficient.

Try asecond rank tensor Q

(26 4 o)

=1 0 —%S O ! with S defined as before.
0 0 —}S
3

<Qij> =S (ninj- 1/36”)
Q hasthepropertiesthat itstraceis zero, but in the
nematic phase <Q># 0 (unlike theisotropic).
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Put the nematic fluid in an electric field, macr oscopic
susceptibility will depend on Q (and similarly for
other properties).

If ayand ag arethe diamagnetic susceptibilities along
and perpendicular to each molecule'saxisand there

are N mol<s/unit vol, then the component of the
susceptibility along z (parallel to n) will be

Xz =N(a ||<C0329> + Opg<s n29>)
and <cos’0> = 1/3 (2S +1) and <sin“e> = 2/3 (1- S)

Hence can write
X = N(a'+ 2/3(ay = 0p)S) where a' =1/3(ay + 20p)

Similarly can show
Xx =Xy = N(a'- 1/3 (ay — ag)S)

and hence overall

thus showing the linkage between Q and macr oscopic
parameters.

In general, for any system, can construct an
expansion of the order parameter to expressthe free
energy (Landau free energy).
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For adipolar system, thiswill mean only even terms
are present, but for the nematic with its quadrupolar
ordering, can have odd terms.

NB 1% order term correspondsto Tr_Q which is
identically zero, and so thisterm is absent.

and A =(T-T%*)

There are qualitatively different free energy curves as
the temper atur e changes.

Ty occurswhen F at Q=0 and at finiteQ are
identical for thefirst time.

20

-20

-40

(a) (b)

Fig. 4.5.2. Free energy density f as a function of order parameter S for
different T for the isotropic-nematic transition. The transition is first order.
Note the limits of metastability for supercooling (T*) and superheating (T™°).
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The phases are inherently anisotropic —this shows up
in many of their properties.

1. l.e. birefringent.

However they arerarely uniformly oriented, and the
director will vary over space.

Different phases have different characteristic textures
which arise from the permitted symmetry of the
defects which occur in the packing.

The textures can be used to identify the phases (and
often are).

However in the case of the 'fingerprint' texture seen
in cholesterics, the structure arises ssimply from its
helical structure.

Light isrotated by thedirector —aslong astherate of
twist isnot too great compared with A.

Then there are systematic extinctionswhich giverise
to thefingerprint texture.

Wher eas didocations ar e discontinuitiesin
trandation of atoms, disclinationsin LC phasesare
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discontinuitiesin orientation i.e. within the director
field.

Therearevarioustypes of disclinations characterised
by their 'strength’ s.

strength = no of multiples of 2mtdirector rotatesin a
complete circuit around the disclination core.

s=+1

Linesrepresent local direction of
the director around the core.

Under crossed polars, 4 dark 'brushes are seen
wherethedirector isparallel to one of the polarisers
and extinction occurs.

The defect may be either aline or a point defect.
However in practice, at least for small molecules, line
defects do not occur (for energetic reasons).

s=+1/2 s=-1/2

S
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For both these two cases, two brushes are seen in the
polarised light microscope.

Disclinations with

» positive strength exhibit dark brusheswhich rotate
In the same direction asthe crossed polarisers,

» thosewith negative strength rotate in the opposite
direction —thisissimply a sign convention.

[Thisidentification impliesthat the optic axis
coincides with the molecular axis, which isusually the

case.]

=

AM Deriad
Ligdid Crystals
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For thelayered
structures of smectics
and cholesterics, the
requirement of the
continuity of
essentially
undeformed layers
introduces new types
of defects, known as
focal conics.

In the vicinity of
defectsthereare
varioustypes of
distortions.



Splay, K, —occurse.g. around s=1 disclination.
Implies a divergence in the director field.

Twist, K, —layers, each of which have a constant
director field within, aretwisted w.r.t one another.
Curl nisparalle ton.

Bend, K5 —occursaround s=+1/2 disclinations.
Curl nisperpendicular ton.

There are 3 elastic constants, known asthe Frank
constants, which describe these 3 idealised types of
distortions.

In practice any general distortion can berepresented
as an appropriate sum of these 3 types.

The 3 dastic constantsare all ~10™"°N, but they will
not have identical values.

Hencethereis anisotropy of the elastic distortions.

Thefreeenergy of a general distortion can bewritten
as

Fq = 1/2 (K(div n)?) + 1/2(K »(n.curl n)* + /2(K 5(n x curl n)?)

In general, for small molecule liquid crystals, twist isthe
lowest ener gy distortion and bend highest.
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For liquid crystalline polymers, splay isthought to be
highest because it will require chain end segregation, which
will beincreasingly difficult asthe chains get longer.

For many situations, a'one constant' approximation isused,
asin the diagrams shown above for the distortions around
disclinations.

However, in practice, because of the anisotropy of the elastic
moduli, the director patternsaround disclination cores may
deviate from the symmetric patter ns shown.

Indeed, thisisone way of trying to estimate their relative
magnitudes.

In general, thedirector fieldswill vary acrossthe sample,
with local variationsin direction on the um lengthscale.

Thisfactor, plusthe presence of defects, means that samples
can look very beautiful in the polarising microscope.

However it also meansthat there may be scattering centres,
which [imit the use of LC'sin optical devices.

Elimination of distortions and defectsisthereforevery
iImportant for applications.
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3. - even mor e complicated!

Whereasfor aisotropic fluid, a single viscosity relates
stress and shear rate, six viscositiesarerequired to
describe L C flow completely (for a nematic).

These 6 viscosities, which arevery hard to determine, are
known asthe Miesowicz viscosities.

The general equation relating the stresstensor g to the
director and flow fieldsis:

a=a,(nAn)nn+a,nN+a;Nn+a,A+asnn.A+agAnn

where A isthe shear strain rate tensor;
nisthedirector
a isthe shear stresstensor
and N expressestherate at which thedirector
orientation changes with time w.r.t background fluid.

This means how a system flows depends on the orientation
of thedirector to the flow direction.

Determination of the a's has only been done for a few
fluids.

Thereisarich spectrum of instabilities which may occur.

37



Small molecule LC'sare mainly used in display
devices, e.g watches, thermometers.

They can readily be switched, and respond to changes
In temper atures, fields (electromagnetic) etc.

Recently ferroelectric LC's have started to find
application.

Example: Twisted Nematic Cell

L C molecules are not only readily aligned by electric
fields, they can also be aligned by surfaces, where
their orientation can be fixed.

In a cell wherethe alignment produced by an externally
applied field isdifferent from that imposed by surfaces,
there will be competition between the two senses of
alignment.

In practice athresnold electric field exists at which the
moleculesreorient with this, at least in the centre of the
cell.

Thisisknown asthe , and thereis
an equivalent situation for an external magnetic field.

It can be used, not only in devices, but also to extract
the elastic constants.

Simple Analysis of the Fredericks Transition
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Thealignment produced by the surfacesis n,, cell
thicknessd in the z direction.

At position z the director isnow n, + dn(2).
Total free energy/ unit vol at height zis

Faasic T Ffiad

]
Ly [9en(2)) ——;eoéeEZc‘h(z)z

2 gz )

K. isthe splay elastic constant and deisthe
anisotropy in permittivity for the material (i.e g - €p).

At the surfaces, alignment isassumed fixed by the
surface properties, so that dn(0) = on(d) = 0.

Consider a distortion of the form
on(z) = An sin (Tz/d)

Then substitution into the free energy expression, and
integrating from zerotod yields

A Ki* g, 0eEd |
| 4d 4 |

d
[Fioigdz= An
0
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Hence any small distortion of thedirector will lower
thetotal free energy oncea critical (threshold) field
E.i: IS exceeded, with

_n K
ECI’it - d 8055

Twisted nematic cells, asused for displays, actually
have a slightly more complicated geometry.

E=0 E>Ecyrit

In this casethe cell istypically ~10um in thickness,
and the alignment isrotated through 90° between the
upper and lower surfaces.

In the absence of afield, when the cell is placed
between crossed polarisers, the polarisation of the
light can follow the twist of thedirector and light is
transmitted.

Beyond a critical field, the alignment in the centre of
the cell changesto align with the electric field.
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Thedirector through the bulk of the cell istherefore
per pendicular to the cell surfaces, and the L C cannot
affect the polarisation of light.

Light istherefore blocked by the upper polariser, and
no light istransmitted.

The equation for thecritical field ismore complicated
because both twist and bend distortionsare also
present.

e -1 [RFTAR;=2K;)
"od £,06
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Two kinds of use—"main chain" which iswhat | have been
referring to up till now, and " side chain" .

Example: Kevlar —alyotropic, in which the solvent is
H,SO,.

Kevlar hasvery high specific strength (i.e per unit
weight).

|sused in tyre cords, ropes (e.g. holding up the roof of
Cambridge Bus Station), and bullet proof vests.

However Kevlar isexpensive, really only can be
fabricated in fibre form, susceptible to UV damage,
and poor in compression.

Example: Thermotropic Copolyesters

These are melt processable, and therefore can be
moulded into a variety of shapes.

However, despite this advantage have only found a
niche market in precision mouldings.

NL O applications: If the monomer in the LCP hasa
significant optical non-linearity, by lining up all the

dipoles along the chain in the same sense can make a
material with ~N times mor e optical non-linearity.
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Theory and experiments now being worked on in this
department by Prof Warner.

The so-called mesogenic unit is hung off the
polymeric backbone.

AT

spacer

It Isthe side chain units, which are often small
molecule L C groups, and rod-like, which line up.

Thiswill only work if thereissufficient decoupling
between backbone and L C units.

Thisusually means introducing sufficiently long
(CH,), units, with n= 4 asflexible spacers.

These polymer s behave much morelike SMLC's, and
may also be used for display devices.

However their viscosities are much higher than the
small molecule analogues, so switching timesare
compar atively long.

Advantageisthat they can then form permanent
displays since can be oriented at high temperature
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and then the structure 'frozen’' by dropping the
temperature.

For LCP's, by comparison with SMLC's, 'domain
size' over which thedirector i1sconstant is much
smaller.

Thisleadsto problemsfor optical propertiesdueto
excess scattering at the defects.
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	However, in the presence of external fields which may not be aligned with the director, need a more formal analysis.
	Similarly can show

