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Outline

• Evolution as a physical process
• Intro about evolutionary processes
• Mutations
• Selection
• Noise

• Evolution in well-mixed populations: Luria-Delbrück experiment
• Beyond the well-mixed paradigm: introducing space
• Reaction-diffusion to describe spatial population dynamics
• Example 1: Emergence of resistance in an antibiotic gradient
• Example 2: Maintenance of diversity in 3-species system



How evolution affects our life and society
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Using evolving systems as problem-solving computers
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Evolution’s key ingredients: 
Mutations, Selection and Noise
Central Dogma of Molecular Biology

• Errors occur in any of these steps
• Replication errors cause genetic mutations 

that are transferred from mother to daughter
• Note: genetic changes are not the only type of 

inheritable changes. See for instance



The genome and its numbers:



The genome and its numbers:

Despite larger variations in genome size and 
mutation rate, the rate per genome does not vary 
too much across organisms.



Genetic variation encodes history



Evolution’s key ingredients: 
Mutations, Selection and Noise

Mutations create diversity 
in the population

Selection enriches for fit individuals 
and purges less fit ones

Conceptually similar to a Metropolis algorithm:
• Propose a random move (mutation)
• Accept or reject depending on relative energy (selection)



Evolution’s key ingredients: 
Mutations, Selection and Noise

Over many cycles (generations), population adapts 
to its fittest point

Similarly to how a Monte Carlo finds the minimum energy 
configuration

Fitness landscapes (as energy 
landscapes) can be very rough



Mutation+selection=adaptation



Selection can pose constraints that can be 
useful to infer important information

Rollins et al., Nat. Genet. (2019)



Evolution’s key ingredients: 
Mutations, Selection and Noise

Mutations create diversity 
in the population

Selection enriches for fit individuals 
and purges less fit ones

Conceptually similar to a Metropolis algorithm:
• Propose a random move (mutation)
• Accept or reject depending on relative energy (selection)



Evolution’s key ingredients: 
Mutations, Selection and Noise

Mutations create diversity 
in the population

Selection enriches for fit individuals 
and purges less fit ones

Conceptually similar to a Metropolis algorithm:
• Propose a random move (mutation)
• Accept or reject depending on relative energy (selection)
• However, biological populations can be very far from the thermodynamic limit of large N -> very noisy



Putting everything together: mutations 
trajectories over time



Putting everything together: mutations 
trajectories over time

Lenski’s Long Term Evolutionary Experiment (since 1988)



Some other basic terminology:

• Fixation: all the individuals in a population carry such mutation
• Establishment: the mutation frequency is beyond fluctuations and 

growing deterministically
• Extinction: the mutation has been purged from the population
• Lineage: tracing of an individual ancestor over time
• Coalescence: when two lineages become one (backwards in time). 

Equivalent to branching forward in time
• Time to most recent common ancestor: how many generations ago 

you can find the common ancestor to your current sample



Neutral models: Wright-Fisher model

tim
e

<latexit sha1_base64="URgGjvm0GVvPxAuwQByzghjuAN8=">AAACGHicbVDLSsNAFJ34rPUVdekmtRXqJibd6EYouhEEiWBfNDFMppN26OTBzEQoMZ/hxl9x40IRt935N07bLLT1wIXDOfdy7z1eTAkXhvGtLC2vrK6tFzaKm1vbO7vq3n6TRwlDuIEiGrG2BzmmJMQNQQTF7ZhhGHgUt7zh1cRvPWLGSRTei1GMnQD2Q+ITBIWUXPW0YlU7T+2TC9tnEKW121KWdlyzpOt6x70pZbZFXGLHnDxImWQVVy0bujGFtkjMnJRBDstVx3YvQkmAQ4Eo5LxrGrFwUsgEQRRnRTvhOIZoCPu4K2kIA8yddPpYph1Lpaf5EZMVCm2q/p5IYcD5KPBkZwDFgM97E/E/r5sI/9xJSRgnAodotshPqCYibZKS1iMMI0FHkkDEiLxVQwMoExIyy6IMwZx/eZE0a7pp6OZdrVy/zOMogENwBKrABGegDq6BBRoAgWfwCt7Bh/KivCmfytesdUnJZw7AHyjjH0Fhng8=</latexit>



Neutral models: Moran model

• Population has constant size N
• Generations can overlap
• At each time, two random 

individuals are chosen (they can be 
the same): one replicates, the other 
dies



Loss of heterozygosity (Wright-Fisher model)

<latexit sha1_base64="KFjsU/e2eDc4s03CymngoAlDPI4=">AAACCXicbVC7SgNBFJ2Nr7i+opY2g4kQC8NuGm2EoE0qiWAekF2W2clsMmT2wcxdMSxpbfwVGwtFbP0DO//GyaPQxAMXDufcy733+IngCizr28itrK6tb+Q3za3tnd29wv5BS8WppKxJYxHLjk8UEzxiTeAgWCeRjIS+YG1/eD3x2/dMKh5HdzBKmBuSfsQDTgloySvgUsmse3BZ9yyHPSTlMyeQhGYwzqo341OzVPIKRatiTYGXiT0nRTRHwyt8Ob2YpiGLgAqiVNe2EnAzIoFTwcamkyqWEDokfdbVNCIhU242/WSMT7TSw0EsdUWAp+rviYyESo1CX3eGBAZq0ZuI/3ndFIILN+NRkgKL6GxRkAoMMZ7EgntcMgpipAmhkutbMR0QHQXo8Ewdgr348jJpVSu2VbFvq8Xa1TyOPDpCx6iMbHSOaqiOGqiJKHpEz+gVvRlPxovxbnzMWnPGfOYQ/YHx+QOjv5e/</latexit>

<latexit sha1_base64="o0iviO8+BuQRGtswOO52RSvgESg=">AAACH3icbVDJSgNBEO2JWxy3qEcvg4kQCYbpHNSLEPSSk0QwCyRh6On0JE16FrprhDDMn3jxV7x4UES85W/sLIcYfVDweK+KqnpuJLgC254YmbX1jc2t7La5s7u3f5A7PGqqMJaUNWgoQtl2iWKCB6wBHARrR5IR3xWs5Y7upn7riUnFw+ARxhHr+WQQcI9TAlpycpeFgllzEijh9KbrSUITnCaV+7QL3GfKLhXxxbJ8XnOgbBYKTi5vl+0ZrL8EL0geLVB3ct/dfkhjnwVABVGqg+0IegmRwKlgqdmNFYsIHZEB62gaEL29l8z+S60zrfQtL5S6ArBm6vJEQnylxr6rO30CQ7XqTcX/vE4M3nUv4UEUAwvofJEXCwtCaxqW1eeSURBjTQiVXN9q0SHRcYCO1NQh4NWX/5JmpYztMn6o5Ku3iziy6ASdoiLC6ApVUQ3VUQNR9Ixe0Tv6MF6MN+PT+Jq3ZozFzDH6BWPyA3D1oBg=</latexit>

<latexit sha1_base64="7CwFkWAtqJDgG44Y/IzuQAE1Yro=">AAACCHicbVDLSsNAFJ3UV42vqEsXBhuhLixJN7oRim66kgr2AW0Mk+mkHTp5MHMjlNClG3/FjQtF3PoJ7vwbp20WWj1w4XDOvdx7j59wJsG2v7TC0vLK6lpxXd/Y3NreMXb3WjJOBaFNEvNYdHwsKWcRbQIDTjuJoDj0OW37o6up376nQrI4uoVxQt0QDyIWMIJBSZ5xaFl63YOLsnPaCwQmmTPJqteTkzuoe7ZuWZ5Rsiv2DOZf4uSkhHI0POOz149JGtIICMdSdh07ATfDAhjhdKL3UkkTTEZ4QLuKRjik0s1mj0zMY6X0zSAWqiIwZ+rPiQyHUo5DX3WGGIZy0ZuK/3ndFIJzN2NRkgKNyHxRkHITYnOaitlnghLgY0UwEUzdapIhVnmAyk5XITiLL/8lrWrFsSvOTbVUu8zjKKIDdITKyEFnqIbqqIGaiKAH9IRe0Kv2qD1rb9r7vLWg5TP76Be0j28MNpbM</latexit>



Heterozygosity in biallelic population (Moran model)

-2 3



Diversity maintained by mutations



Diversity maintained by mutations

<latexit sha1_base64="/fCuznPF9hYhfxF2ykpiSUcg2zY=">AAACFHicbVDLSsNAFJ3UV42vqEs3wUZoEUumCLosunElFewD2lgm00k7dPJgZiKUkI9w46+4caGIWxfu/BsnbRa19cCFM+fcy9x73IhRIW37RyusrK6tbxQ39a3tnd09Y/+gJcKYY9LEIQt5x0WCMBqQpqSSkU7ECfJdRtru+Drz24+ECxoG93ISEcdHw4B6FCOppL5xall6GZ71PI5wAtOkdptW5h+Z58eVh3PdsvpGya7aU5jLBOakBHI0+sZ3bxDi2CeBxAwJ0YV2JJ0EcUkxI6neiwWJEB6jIekqGiCfCCeZHpWaJ0oZmF7IVQXSnKrzEwnyhZj4rur0kRyJRS8T//O6sfQunYQGUSxJgGcfeTEzZWhmCZkDygmWbKIIwpyqXU08QioSqXLUVQhw8eRl0qpVoV2Fd7VS/SqPowiOwDEoAwguQB3cgAZoAgyewAt4A+/as/aqfWifs9aCls8cgj/Qvn4BjcybWw==</latexit>

<latexit sha1_base64="JB3RB9KsBtV+f5+IrQCwN3pXnM4="></latexit>

<latexit sha1_base64="JB3RB9KsBtV+f5+IrQCwN3pXnM4="></latexit>



<latexit sha1_base64="/fCuznPF9hYhfxF2ykpiSUcg2zY=">AAACFHicbVDLSsNAFJ3UV42vqEs3wUZoEUumCLosunElFewD2lgm00k7dPJgZiKUkI9w46+4caGIWxfu/BsnbRa19cCFM+fcy9x73IhRIW37RyusrK6tbxQ39a3tnd09Y/+gJcKYY9LEIQt5x0WCMBqQpqSSkU7ECfJdRtru+Drz24+ECxoG93ISEcdHw4B6FCOppL5xall6GZ71PI5wAtOkdptW5h+Z58eVh3PdsvpGya7aU5jLBOakBHI0+sZ3bxDi2CeBxAwJ0YV2JJ0EcUkxI6neiwWJEB6jIekqGiCfCCeZHpWaJ0oZmF7IVQXSnKrzEwnyhZj4rur0kRyJRS8T//O6sfQunYQGUSxJgGcfeTEzZWhmCZkDygmWbKIIwpyqXU08QioSqXLUVQhw8eRl0qpVoV2Fd7VS/SqPowiOwDEoAwguQB3cgAZoAgyewAt4A+/as/aqfWifs9aCls8cgj/Qvn4BjcybWw==</latexit>

<latexit sha1_base64="JB3RB9KsBtV+f5+IrQCwN3pXnM4="></latexit>

<latexit sha1_base64="jrZQT4JVMD8hNqbZskWeivQpCEU="></latexit>

<latexit sha1_base64="p8XFiNLrc7MtCyaXomQmkFg8xTg="></latexit>

Diversity maintained by mutations

<latexit sha1_base64="JB3RB9KsBtV+f5+IrQCwN3pXnM4="></latexit>

<latexit sha1_base64="JB3RB9KsBtV+f5+IrQCwN3pXnM4="></latexit>



<latexit sha1_base64="p8XFiNLrc7MtCyaXomQmkFg8xTg="></latexit>

<latexit sha1_base64="UXc2ABexpdGbnBfnwrNs0Q9sX7I=">AAACKHicbVBNS8NAFNz4bfyKevQSbIV6KUkveimKXjxWsK3Q1LDZburi7ibsvggh5Od48a94EVHEq7/Ebc1BrQMLw8w89r2JUs40eN6HNTe/sLi0vLJqr61vbG452zs9nWSK0C5JeKKuI6wpZ5J2gQGn16miWESc9qO784nfv6dKs0ReQZ7SocBjyWJGMBgpdE7qdbsTFoHAcKtEQRLMy7Id6EyEBbT98qYImIwhL2dCDTi06/XQqXlNbwp3lvgVqaEKndB5CUYJyQSVQDjWeuB7KQwLrIARTks7yDRNMbnDYzowVGJB9bCYHlq6B0YZuXGizJPgTtWfEwUWWuciMsnJrvqvNxH/8wYZxMfDgsk0AyrJ90dxxl1I3Elr7ogpSoDnhmCimNnVJbdYYQKmW9uU4P89eZb0Wk3fa/qXrdrpWVXHCtpD+6iBfHSETtEF6qAuIugBPaFX9GY9Ws/Wu/XxHZ2zqpld9AvW5xd7qKbR</latexit>

<latexit sha1_base64="Y7UapwhgTrX0XhPp9Ze4hJXrLqA="></latexit>

<latexit sha1_base64="hYXpgKUfX91At2hC9eekSSAC6Tk=">AAACB3icbZDLSsNAFIYn9VbjLepSkGAjCEJIiqAboeimK6lgL9CEMplO2qEzkzAzEUrozo2v4saFIm59BXe+jdM2C63+MPDxn3M4c/4opUQqz/sySkvLK6tr5XVzY3Nre8fa3WvJJBMIN1FCE9GJoMSUcNxURFHcSQWGLKK4HY2up/X2PRaSJPxOjVMcMjjgJCYIKm31rEPHMeuXQSwgys9uApZNcv90Dq7pOD2r4rneTPZf8AuogEKNnvUZ9BOUMcwVolDKru+lKsyhUARRPDGDTOIUohEc4K5GDhmWYT67Y2Ifa6dvx4nQjyt75v6cyCGTcswi3cmgGsrF2tT8r9bNVHwR5oSnmcIczRfFGbVVYk9DsftEYKToWANEgui/2mgIdSZKR2fqEPzFk/9Cq+r6nuvfViu1qyKOMjgAR+AE+OAc1EAdNEATIPAAnsALeDUejWfjzXift5aMYmYf/JLx8Q0soZbw</latexit>

Diversity maintained by mutations



Effective population size

In real populations often the noise is much higher than that 
predicted by the population size



Effective population size

<latexit sha1_base64="d4kCuya/0OiVD47g3el8uNlGX3M="></latexit>

If we compare this exponent  to the previous result:
<latexit sha1_base64="KFjsU/e2eDc4s03CymngoAlDPI4=">AAACCXicbVC7SgNBFJ2Nr7i+opY2g4kQC8NuGm2EoE0qiWAekF2W2clsMmT2wcxdMSxpbfwVGwtFbP0DO//GyaPQxAMXDufcy733+IngCizr28itrK6tb+Q3za3tnd29wv5BS8WppKxJYxHLjk8UEzxiTeAgWCeRjIS+YG1/eD3x2/dMKh5HdzBKmBuSfsQDTgloySvgUsmse3BZ9yyHPSTlMyeQhGYwzqo341OzVPIKRatiTYGXiT0nRTRHwyt8Ob2YpiGLgAqiVNe2EnAzIoFTwcamkyqWEDokfdbVNCIhU242/WSMT7TSw0EsdUWAp+rviYyESo1CX3eGBAZq0ZuI/3ndFIILN+NRkgKL6GxRkAoMMZ7EgntcMgpipAmhkutbMR0QHQXo8Ewdgr348jJpVSu2VbFvq8Xa1TyOPDpCx6iMbHSOaqiOGqiJKHpEz+gVvRlPxovxbnzMWnPGfOYQ/YHx+QOjv5e/</latexit>

<latexit sha1_base64="4+Uh48IG755rLFDxaEBS1KBh7r8=">AAACBnicbVDLSsNAFJ3UV42vqEsRgo3gqma60U2h6MaVVLAPaGOYTCft0MmDmRuhhK7c+CtuXCji1m9w5984fSy0euDC4Zx7ufeeIBVcget+GYWl5ZXVteK6ubG5tb1j7e41VZJJyho0EYlsB0QxwWPWAA6CtVPJSBQI1gqGlxO/dc+k4kl8C6OUeRHpxzzklICWfOvQcUw4rVxXuyqL/JxX8fgOsBZ8bjqOb5XcsjuF/ZfgOSmhOeq+9dntJTSLWAxUEKU62E3By4kETgUbm91MsZTQIemzjqYxiZjy8ukbY/tYKz07TKSuGOyp+nMiJ5FSoyjQnRGBgVr0JuJ/XieD8NzLeZxmwGI6WxRmwobEnmRi97hkFMRIE0Il17fadEAkoaCTM3UIePHlv6RZKWO3jG8qpdrFPI4iOkBH6ARhdIZq6ArVUQNR9ICe0At6NR6NZ+PNeJ+1Foz5zD76BePjG9ivlig=</latexit>

<latexit sha1_base64="R5noricJE/6lnQnyDfaajmjO59c=">AAACEXicbVC7SgNBFJ31GdfXqqXNYiKkSnbSaBMI2liFCOYBSVxmJ7PJkNkHM3eFsOwv2PgrNhaK2NrZ+TdOHoUmHrhwOOde7r3HiwVX4Djfxtr6xubWdm7H3N3bPzi0jo5bKkokZU0aiUh2PKKY4CFrAgfBOrFkJPAEa3vj66nffmBS8Si8g0nM+gEZhtznlICWXKtYKJh1l1V7viQ0xVmKy9BTSeCmvIqze8Dlusszs1BwrbxTcmawVwlekDxaoOFaX71BRJOAhUAFUaqLnRj6KZHAqWCZ2UsUiwkdkyHrahqSgKl+Ovsos8+1MrD9SOoKwZ6pvydSEig1CTzdGRAYqWVvKv7ndRPwL/spD+MEWEjni/xE2BDZ03jsAZeMgphoQqjk+labjojOBnSIpg4BL7+8SlqVEnZK+LaSr10t4sihU3SGigijC1RDN6iBmoiiR/SMXtGb8WS8GO/Gx7x1zVjMnKA/MD5/AA3Em0A=</latexit>



The coalescence and neutral diversity

<latexit sha1_base64="+PuC6YaGlPGKZBvmLo0BUDWpDLA=">AAACKXicbZC7TsMwFIYdriXcCowsEQ1SGVqSLjBWsDChItGL1KSV4zqtVeci+wRRRXkdFl6FBSQQsPIiuJehtPySpc//OUf2+b2YMwmW9aWtrK6tb2zmtvTtnd29/fzBYUNGiSC0TiIeiZaHJeUspHVgwGkrFhQHHqdNb3g9rjcfqJAsCu9hFFM3wP2Q+YxgUFY3XzVN3fEFJqmdpZXbrGiX5q9nHXBwHIvocd6lnbQE5wp00+zmC1bZmshYBnsGBTRTrZt/c3oRSQIaAuFYyrZtxeCmWAAjnGa6k0gaYzLEfdpWGOKASjedbJoZp8rpGX4k1AnBmLjzEykOpBwFnuoMMAzkYm1s/ldrJ+BfuikL4wRoSKYP+Qk3IDLGsRk9JigBPlKAiWDqrwYZYBUJqHB1FYK9uPIyNCpl2yrbd5VC9WoWRw4doxNURDa6QFV0g2qojgh6Qi/oHX1oz9qr9ql9T1tXtNnMEfoj7ecXx0WlGg==</latexit>

Mutations can accumulate along the 
lineages since the coalescence event



The coalescence and neutral diversity

<latexit sha1_base64="+PuC6YaGlPGKZBvmLo0BUDWpDLA=">AAACKXicbZC7TsMwFIYdriXcCowsEQ1SGVqSLjBWsDChItGL1KSV4zqtVeci+wRRRXkdFl6FBSQQsPIiuJehtPySpc//OUf2+b2YMwmW9aWtrK6tb2zmtvTtnd29/fzBYUNGiSC0TiIeiZaHJeUspHVgwGkrFhQHHqdNb3g9rjcfqJAsCu9hFFM3wP2Q+YxgUFY3XzVN3fEFJqmdpZXbrGiX5q9nHXBwHIvocd6lnbQE5wp00+zmC1bZmshYBnsGBTRTrZt/c3oRSQIaAuFYyrZtxeCmWAAjnGa6k0gaYzLEfdpWGOKASjedbJoZp8rpGX4k1AnBmLjzEykOpBwFnuoMMAzkYm1s/ldrJ+BfuikL4wRoSKYP+Qk3IDLGsRk9JigBPlKAiWDqrwYZYBUJqHB1FYK9uPIyNCpl2yrbd5VC9WoWRw4doxNURDa6QFV0g2qojgh6Qi/oHX1oz9qr9ql9T1tXtNnMEfoj7ecXx0WlGg==</latexit>

Mutations can accumulate along the 
lineages since the coalescence event

<latexit sha1_base64="IK4LY0++RHamuy0ZnwRBz4q1ljo="></latexit>

<latexit sha1_base64="x2KzEsYtDT9C7yBKole4pRzzdQA=">AAACCnicbZC7SgNBFIZn4y2ut1VLm9GskDRhNwjaBIISsJII5gJJCLOT2WTM7IWZs0IIqW18FRsLRWx9Ajvfxsml0MQfBj7+cw5nzu/FgitwnG8jtbK6tr6R3jS3tnd296z9g5qKEklZlUYikg2PKCZ4yKrAQbBGLBkJPMHq3uBqUq8/MKl4FN7BMGbtgPRC7nNKQFsd69i2zXL2PlcstIIEl7OQK57daCy2oM+AmLbdsTJO3pkKL4M7hwyaq9KxvlrdiCYBC4EKolTTdWJoj4gETgUbm61EsZjQAemxpsaQBEy1R9NTxvhUO13sR1K/EPDU/T0xIoFSw8DTnQGBvlqsTcz/as0E/Iv2iIdxAiyks0V+IjBEeJIL7nLJKIihBkIl13/FtE8koaDTM3UI7uLJy1Ar5F0n794WMqXLeRxpdIROUBa56ByV0DWqoCqi6BE9o1f0ZjwZL8a78TFrTRnzmUP0R8bnD7IQlxo=</latexit>

What is the variance?



The coalescence and neutral diversity

For a sample size i, you have           pairs

Assuming N is large enough that you can 
have at most one coalescence event per 
generation

<latexit sha1_base64="gLniBPMJQfOXU/VELLOcbXon6Q4=">AAAB+3icbVBNT8JAEJ3iF9avikcvG6mJJ9Jy0SPRi0dMBEygIdtlCxu23WZ3ayRN/4oXDxrj1T/izX/jAj0o+JJJXt6bycy8MOVMac/7tiobm1vbO9Vde2//4PDIOa51lcgkoR0iuJAPIVaUs4R2NNOcPqSS4jjktBdOb+Z+75FKxURyr2cpDWI8TljECNZGGjo117VzNiATIRRFzcJ23aFT9xreAmid+CWpQ4n20PkajATJYppowrFSfd9LdZBjqRnhtLAHmaIpJlM8pn1DExxTFeSL2wt0bpQRioQ0lWi0UH9P5DhWahaHpjPGeqJWvbn4n9fPdHQV5CxJM00TslwUZRxpgeZBoBGTlGg+MwQTycytiEywxESbuGwTgr/68jrpNhu+1/DvmvXWdRlHFU7hDC7Ah0towS20oQMEnuAZXuHNKqwX6936WLZWrHLmBP7A+vwBLVeSkQ==</latexit>

<latexit sha1_base64="erAsLeTVpPqqkPyhy8+ZGqhrjWw="></latexit>

Probability of none of 
them coalescing

<latexit sha1_base64="xUttZ/sBkGoetiUrICinfmk0iu0="></latexit>



The coalescence and neutral diversity

For a sample size i, you have           pairs

Assuming N is large enough that you can 
have at most one coalescence event per 
generation

<latexit sha1_base64="gLniBPMJQfOXU/VELLOcbXon6Q4=">AAAB+3icbVBNT8JAEJ3iF9avikcvG6mJJ9Jy0SPRi0dMBEygIdtlCxu23WZ3ayRN/4oXDxrj1T/izX/jAj0o+JJJXt6bycy8MOVMac/7tiobm1vbO9Vde2//4PDIOa51lcgkoR0iuJAPIVaUs4R2NNOcPqSS4jjktBdOb+Z+75FKxURyr2cpDWI8TljECNZGGjo117VzNiATIRRFzcJ23aFT9xreAmid+CWpQ4n20PkajATJYppowrFSfd9LdZBjqRnhtLAHmaIpJlM8pn1DExxTFeSL2wt0bpQRioQ0lWi0UH9P5DhWahaHpjPGeqJWvbn4n9fPdHQV5CxJM00TslwUZRxpgeZBoBGTlGg+MwQTycytiEywxESbuGwTgr/68jrpNhu+1/DvmvXWdRlHFU7hDC7Ah0towS20oQMEnuAZXuHNKqwX6936WLZWrHLmBP7A+vwBLVeSkQ==</latexit>

<latexit sha1_base64="erAsLeTVpPqqkPyhy8+ZGqhrjWw="></latexit>

Probability of none of 
them coalescing

<latexit sha1_base64="xUttZ/sBkGoetiUrICinfmk0iu0="></latexit>

<latexit sha1_base64="jstd/t/MVw/KmsW6I03/Z6DEW6g=">AAACCHicbVDLSsNAFJ3UV42vqEsXBhvBVUi60U2h2o0boUpf0MYwmU7boZNJmJkIJWTpxl9x40IRt36CO//GaZuFth64cDjnXu69J4gpEdJxvrXCyura+kZxU9/a3tndM/YPWiJKOMJNFNGIdwIoMCUMNyWRFHdijmEYUNwOxrWp337AXJCINeQkxl4Ih4wMCIJSSb5xbFl6w09v7mqXWaUnktBPSaWc3bOGT2zdsnyj5NjODOYycXNSAjnqvvHV60coCTGTiEIhuq4TSy+FXBJEcab3EoFjiMZwiLuKMhhi4aWzRzLzVCl9cxBxVUyaM/X3RApDISZhoDpDKEdi0ZuK/3ndRA4uvJSwOJGYofmiQUJNGZnTVMw+4RhJOlEEIk7UrSYaQQ6RVNnpKgR38eVl0irbrmO7t+VS9SqPowiOwAk4Ay44B1VwDeqgCRB4BM/gFbxpT9qL9q59zFsLWj5zCP5A+/wBL+uXhA==</latexit>

<latexit sha1_base64="KRq/U34QlxqMXVJR6YAvZ0QkQbI="></latexit>

Try to prove it as an exercise



The coalescence and neutral diversity

Mutations accumulate along the lineages

<latexit sha1_base64="pVLrrjwV8S2OkKl2AvQOdiRR0Do=">AAACB3icbVDLSsNAFJ3UV42vqEtBgq3gqiTd6KZQdOOyQl/QxjCZTtuhM5MwcyOU0J0bf8WNC0Xc+gvu/Bunj4W2HrhwOOde7r0nSjjT4HnfVm5tfWNzK79t7+zu7R84h0dNHaeK0AaJeazaEdaUM0kbwIDTdqIoFhGnrWh0M/VbD1RpFss6jBMaCDyQrM8IBiOFzmmxaNfDDGKYVLo6FWHGKuXJvWT1kNnFYugUvJI3g7tK/AUpoAVqofPV7cUkFVQC4Vjrju8lEGRYASOcTuxuqmmCyQgPaMdQiQXVQTb7Y+KeG6Xn9mNlSoI7U39PZFhoPRaR6RQYhnrZm4r/eZ0U+ldBxmSSApVkvqifchdidxqK22OKEuBjQzBRzNzqkiFWmICJzjYh+Msvr5JmueR7Jf+uXKheL+LIoxN0hi6Qjy5RFd2iGmoggh7RM3pFb9aT9WK9Wx/z1py1mDlGf2B9/gC2B5fp</latexit>

<latexit sha1_base64="A+Mp3uT8ZePC52WUKmx+8N5JKrk="></latexit>



The coalescence and neutral diversity

Mutations accumulate along the lineages

<latexit sha1_base64="pVLrrjwV8S2OkKl2AvQOdiRR0Do=">AAACB3icbVDLSsNAFJ3UV42vqEtBgq3gqiTd6KZQdOOyQl/QxjCZTtuhM5MwcyOU0J0bf8WNC0Xc+gvu/Bunj4W2HrhwOOde7r0nSjjT4HnfVm5tfWNzK79t7+zu7R84h0dNHaeK0AaJeazaEdaUM0kbwIDTdqIoFhGnrWh0M/VbD1RpFss6jBMaCDyQrM8IBiOFzmmxaNfDDGKYVLo6FWHGKuXJvWT1kNnFYugUvJI3g7tK/AUpoAVqofPV7cUkFVQC4Vjrju8lEGRYASOcTuxuqmmCyQgPaMdQiQXVQTb7Y+KeG6Xn9mNlSoI7U39PZFhoPRaR6RQYhnrZm4r/eZ0U+ldBxmSSApVkvqifchdidxqK22OKEuBjQzBRzNzqkiFWmICJzjYh+Msvr5JmueR7Jf+uXKheL+LIoxN0hi6Qjy5RFd2iGmoggh7RM3pFb9aT9WK9Wx/z1py1mDlGf2B9/gC2B5fp</latexit>

<latexit sha1_base64="A+Mp3uT8ZePC52WUKmx+8N5JKrk="></latexit>

<latexit sha1_base64="WZwBVk+Su4GO+TB+HE2KUFlnAhE="></latexit>

For large sample size n



What do we understand so far? 
The gold standard of well-mixed populations

• In well-mixed population each individual feels the same environment 
(mean-field approximation is appropriate)
• Chance of survival of an individual only depends on average 

parameters
• Noise affects everyone at the same level



Genetic diversity in a well-mixed population:
1943 – Luria and Delbrück experiment

• Induced: 
Occurring as a result of stress

• Spontaneous: 
Occurring at random and selected for 
afterwards

Luria, Salvador E., and Max Delbrück. Genetics 28.6 (1943): 491.



Luria-Delbrück Experiment

Inoculate O(100) secondary cultures

Inoculate samples into agar medium containing phage

506 S. E. LUNA AND M. DELBRtfCK 

rate per bacterial generation is independent of the physiological state of the 
bacteria may be too simple. If the mutation rate is higher for actively growing 
bacteria than for bacteria near the saturation limit of the cultures, early muta- 
tions and big clone sizes will be favored, and therefore higher variations of the 
numbers of resistant bacteria can be expected. Second, the assumption of a 
sudden transition from sensitivity to resistance may also be too simple. It is 
conceivable that the character “resistance to virus” may not fully develop in 
the bacterial cell in which the mutation occurs, but only in its offspring, after 
one or more generations. However, if this were the case, cultures with only one 
or two resistant bacteria should be relatively rare. The last experiment listed 
in table 3, in which the entire cultures were plated, shows a rather high propor- 
tion of cultures with only one resistant bacterium. This seems to show that the 

cultures 
% 
50 
40 

30 
20 
IO 

FIGURE z.-Experimental (Experiment No. 23) and calculated distributions of the numbers 
of resistpt bacteria in a series of similar cultures. Solid columns: experimental. Cross-hatched 
columns: calculated. 

character “resistance to virus” in general does come to expression in the bac- 
terial cell in which the corresponding mutation occurred, as assumed by the 
theory. 

Another way of comparing the experimental results with the theory is to 
compare the experimental distribution of resistant bacteria with the approxi- 
mate distribution calculated by the method outlined a t  the end of the theo- 
retical part. The theoretical distribution has to be calculated from the aver- 
age number of mutations per culture given by equation (5 ) .  Only experi- 
ments wheqe the whole culture is tested can therefore be used for such a 
comparison. This method tests the fitting of the expectations for small numbers 
of resistant bacteria, in contrast to the comparison of the standard deviations, 
which involves predominantly the cultures with high numbers of resistant 
bacteria. 

Figure 2 shows the experimental and calculated distributions for Experi- 
ment No. 23; the cultures with more than nine resistant bacteria are lumped 
together in one class, since the distribution has not been calculated for values 
higher than nine. 

It is seen that the fitting for small values is satisfactory. In  particular, the 

Jackpot
events!

MUTATIONS OF BACTERIA 50.5 

However, in all but one case the experimental ratio is greater than the value 
calculated from the theory-that is, the variability is even greater than pre- 
dicted. 

TABLE 3 
Distribution of the numbers of resistant bacteria in series of similar cdfures. 

EXPERIMENT NO. 22 23 

Number of cultures I O 0  87 
Volume of cultures, cc .2*  .2*  

Volume of samples, cc -05 . 2  

Resistant 
bacteria 
0 

I 

2 

3 
4 
5 
6- IO 

21- 50 
51- IO0 

201- 500 

501-roo0 

11- 20 

101- 200 

Number o j  
cultures 

57 

5 

3 

7 

2 0  

2 

I 

2 

2 

0 

0 

0 

I 

Resistant 
bacteria 
0 

I 

2 

3 
4 
5 
6- IO 

21- 50 
51- I00 

201- 500 

501-1000 

11- 20 

101- 200 

Number of 
cultures 

29 
I7 

4 
3 
3 

5 
6 
7 
5 

4 

2 

2 

0 

Average per sample IO. I 2  

Average per culture 40.48 
Variance (corrected for sampling) 6270 

Bacteria per culture 
Mutation rate 
Standard deviation exp. 

Average i calc. 

2 . 8 X  IO* 

2 . 3 X  IO-* 

7.8 
1.5 

28.6 

28.6 
6431 

2.4 Xro* 

2.8 
1.5 

2.37 x 1 0 6  

* Cultures in synthetic medium. 

A part of this discrepancy may be accounted for by the fact that the 
time to,  mutations occurring prior to which were disregarded by the theory, 
was chosen in such a manner that on the average one mutation would occur 
prior to time to. This mutation, if it occurs, will of course tend to increase the 
variance, and in some of the experiments the high value of the experimental 
variance can be traced directly to one exceptional culture in which a mutation 
had evidently occurred several generations prior to time t o .  Unfortunately, 
there is no general criterion by which one might eliminate such cultures from 
the statistical analysis, because, in a culture with an exceptionally high count 
of resistant bacteria, these do not necessarily stem from one exceptionally 
early mutation, but may also be due to an exceptionally large number of 
mutations after time to. 

There may also be other reasons why the observed variances are higher than 
the expected ones. First of all, the simplifying assumption that the mutation 



Induced mutations -> Narrow-tail distribution

<latexit sha1_base64="xlWkSazBRXvn5u1qSoz5K3qZxIM=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CbaCp5LtRS9C0YvHCvYD2qVk02wbmmSXJCuUpT/CiwdFvPp7vPlvTNs9aOuDgcd7M8zMCxPBjcX42ytsbG5t7xR3S3v7B4dH5eOTtolTTVmLxiLW3ZAYJrhiLcutYN1EMyJDwTrh5G7ud56YNjxWj3aasECSkeIRp8Q6qVPty/QGVwflCq7hBdA68XNSgRzNQfmrP4xpKpmyVBBjej5ObJARbTkVbFbqp4YlhE7IiPUcVUQyE2SLc2fowilDFMXalbJoof6eyIg0ZipD1ymJHZtVby7+5/VSG10HGVdJapmiy0VRKpCN0fx3NOSaUSumjhCqubsV0THRhFqXUMmF4K++vE7a9ZqPa/5DvdK4zeMowhmcwyX4cAUNuIcmtIDCBJ7hFd68xHvx3r2PZWvBy2dO4Q+8zx8IGI6x</latexit>

Mutation rate before stress application

<latexit sha1_base64="RPHFWv6s0qqZDuXngLkeTvzttbw=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CbaCp5LtRU9S9OKxgv2AdinZNNuGJtklyQpl6Y/w4kERr/4eb/4b03YP2vpg4PHeDDPzwkRwYzH+9gobm1vbO8Xd0t7+weFR+fikbeJUU9aisYh1NySGCa5Yy3IrWDfRjMhQsE44uZv7nSemDY/Vo50mLJBkpHjEKbFO6lT7Mr3B1UG5gmt4AbRO/JxUIEdzUP7qD2OaSqYsFcSYno8TG2REW04Fm5X6qWEJoRMyYj1HFZHMBNni3Bm6cMoQRbF2pSxaqL8nMiKNmcrQdUpix2bVm4v/eb3URtdBxlWSWqboclGUCmRjNP8dDblm1IqpI4Rq7m5FdEw0odYlVHIh+Ksvr5N2vebjmv9QrzRu8ziKcAbncAk+XEED7qEJLaAwgWd4hTcv8V68d+9j2Vrw8plT+APv8wcJno6y</latexit>

Mutation rate after stress application

The probability of observing        colonies is Poisson distributed with mean 
<latexit sha1_base64="tGHfFI9BCj2ZiIitsqiaGaRBfBQ=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lhjlI4EL2Vv2YMPe3mV3zoRc+Ak2Fhpj6y+y89+4wBUKvmSSl/dmMjMvSKQw6LrfTmFjc2t7p7hb2ts/ODwqH5+0TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST27nfeeLaiFg94jThfkRHSoSCUbTSQ7VbHZQrbs1dgKwTLycVyNEclL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Ttr1mufWvPt6pXGTx1GEMziHS/DgChpwB01oAYMRPMMrvDnSeXHenY9la8HJZ07hD5zPH2yyjTY=</latexit>

<latexit sha1_base64="dSVDuSFip8nRwqLD/jjZDbuGaMI=">AAAB/HicbVBPS8MwHE3nvzn/VXf0EtwET6PdRS/C0IsnmeDmYC0lTdMtLElLkgqlzK/ixYMiXv0g3vw2ZlsPuvkg8Hjv/fj98sKUUaUd59uqrK1vbG5Vt2s7u3v7B/bhUV8lmcSkhxOWyEGIFGFUkJ6mmpFBKgniISMP4eR65j88EqloIu51nhKfo5GgMcVIGymw602PmXSELj2ewVuoA9wM7IbTcuaAq8QtSQOU6Ab2lxclOONEaMyQUkPXSbVfIKkpZmRa8zJFUoQnaESGhgrEifKL+fFTeGqUCMaJNE9oOFd/TxSIK5Xz0CQ50mO17M3E/7xhpuMLv6AizTQReLEozhjUCZw1ASMqCdYsNwRhSc2tEI+RRFibvmqmBHf5y6uk3265Tsu9azc6V2UdVXAMTsAZcME56IAb0AU9gEEOnsEreLOerBfr3fpYRCtWOVMHf2B9/gD7QpOr</latexit>

<latexit sha1_base64="CBXSDxlrjuz8IWARYZqzd2wuYgc=">AAACEnicbVA7T8MwGHTKq5RXgJHF0CK1A1XSBZZKFSyMRaIPqUkrx3FaK85DtoNURfkNLPwVFgYQYmVi49/gthmg5STLp7vvZH/nxIwKaRjfWmFtfWNzq7hd2tnd2z/QD4+6Iko4Jh0csYj3HSQIoyHpSCoZ6cecoMBhpOf4NzO/90C4oFF4L6cxsQM0DqlHMZJKGum1Srvab/q1puVxhFMyTC8spuIuyvJ76Gepf5pVRnrZqBtzwFVi5qQMcrRH+pflRjgJSCgxQ0IMTCOWdoq4pJiRrGQlgsQI+2hMBoqGKCDCTucrZfBcKS70Iq5OKOFc/Z1IUSDENHDUZIDkRCx7M/E/b5BI78pOaRgnkoR48ZCXMCgjOOsHupQTLNlUEYQ5VX+FeIJUN1K1WFIlmMsrr5Juo24adfOuUW5d53UUwQk4A1VggkvQAregDToAg0fwDF7Bm/akvWjv2sditKDlmWPwB9rnD/F8nQg=</latexit>

Population size Reaction time

No jackpot events!



Spontaneous mutations  -> Long-tail distribution

Inoculate O(100) secondary cultures

Inoculate samples into agar medium containing phage

<latexit sha1_base64="ioBZ7MQudxSok+uWFgrAN7R6TEc=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFhPBKt6l0UYI2liFCOZDkiPsbfaSJbt7x+6eEI78ChsLRWz9OXb+GzfJFZr4YODx3gwz84KYM21c99vJra1vbG7ltws7u3v7B8XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfh25refqNIskg9mElNf4KFkISPYWOmx3Lmu98VFvdwvltyKOwdaJV5GSpCh0S9+9QYRSQSVhnCsdddzY+OnWBlGOJ0WeommMSZjPKRdSyUWVPvp/OApOrPKAIWRsiUNmqu/J1IstJ6IwHYKbEZ62ZuJ/3ndxIRXfspknBgqyWJRmHBkIjT7Hg2YosTwiSWYKGZvRWSEFSbGZlSwIXjLL6+SVrXiuRXvvlqq3WRx5OEETuEcPLiEGtxBA5pAQMAzvMKbo5wX5935WLTmnGzmGP7A+fwBGRePRg==</latexit>

Stochastic variable: proportion of 
mutants in the population

<latexit sha1_base64="Ae8qN1i/d5YMaGOAeFOqDLkiva0=">AAAB+HicbVBNT8JAEJ3iF+IHVY9eNoIJXrDlohcTohePmMhHAg3ZLlvYsN3W3a0JNvwSLx40xqs/xZv/xgV6UPAlk7y8N5OZeX7MmdKO823l1tY3Nrfy24Wd3b39on1w2FJRIgltkohHsuNjRTkTtKmZ5rQTS4pDn9O2P76Z+e1HKhWLxL2exNQL8VCwgBGsjdS3i+VGpdMb0gfknouzq3LfLjlVZw60StyMlCBDo29/9QYRSUIqNOFYqa7rxNpLsdSMcDot9BJFY0zGeEi7hgocUuWl88On6NQoAxRE0pTQaK7+nkhxqNQk9E1niPVILXsz8T+vm+jg0kuZiBNNBVksChKOdIRmKaABk5RoPjEEE8nMrYiMsMREm6wKJgR3+eVV0qpVXafq3tVK9essjjwcwwlUwIULqMMtNKAJBBJ4hld4s56sF+vd+li05qxs5gj+wPr8AeIYkUQ=</latexit>

P[Mutation arises before population reaches size n]
P[Mutation arises in one of the first n cell divisions]

<latexit sha1_base64="KqFXcslrXRuN64saly26568riVg=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WWwFTyXpRS9C0YsnqWBroQlls920SzebsLsRS8hf8eJBEa/+EW/+G7dtDtr6YODx3gwz84KEM6Ud59sqra1vbG6Vtys7u3v7B/ZhtaviVBLaITGPZS/AinImaEczzWkvkRRHAacPweR65j88UqlYLO71NKF+hEeChYxgbaSBXa1feqHEJPOiFIk8u83rA7vmNJw50CpxC1KDAu2B/eUNY5JGVGjCsVJ910m0n2GpGeE0r3ipogkmEzyifUMFjqjys/ntOTo1yhCFsTQlNJqrvycyHCk1jQLTGWE9VsveTPzP66c6vPAzJpJUU0EWi8KUIx2jWRBoyCQlmk8NwUQycysiY2yi0CauignBXX55lXSbDddpuHfNWuuqiKMMx3ACZ+DCObTgBtrQAQJP8Ayv8Gbl1ov1bn0sWktWMXMEf2B9/gA3KpPk</latexit>

Probability that a 
mutation
has frequency > x

Jackpot events are 
mutations that occur early!

<latexit sha1_base64="NrMj0RBIZAOGX6LSJDX8/OEFrxo=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hgQ+5otCTaWGIiHwlcyN6yBxv2do/dPSO58CdsLDTG1r9j579xgSsUfMkkL+/NZGZeEHOmjet+O7mNza3tnfxuYW//4PCoeHzS0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7Gt3O//UiVZlI8mGlM/QgPBQsZwcZKnTKXw8rTZblfLLlVdwG0TryMlCBDo1/86g0kSSIqDOFY667nxsZPsTKMcDor9BJNY0zGeEi7lgocUe2ni3tn6MIqAxRKZUsYtFB/T6Q40noaBbYzwmakV725+J/XTUx47adMxImhgiwXhQlHRqL582jAFCWGTy3BRDF7KyIjrDAxNqKCDcFbfXmdtGpVz61697VS/SaLIw9ncA4V8OAK6nAHDWgCAQ7P8ApvzsR5cd6dj2VrzslmTuEPnM8fwQOPGw==</latexit>

<latexit sha1_base64="s1Tcc4u1tgRTVk6X2gBDyzkiSCw=">AAAB8nicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+5otCTaWGIiSHJcyN6ywIa928vunAm58DNsLDTG1l9j579xgSsUfMkkL+/NZGZemEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pGJVqxttMSaW7ITVcipi3UaDk3URzGoWSP4aT27n/+MS1ESp+wGnCg4iOYjEUjKKV/KpUo1rL7waX1X654tbdBcg68XJSgRytfvmrN1AsjXiMTFJjfM9NMMioRsEkn5V6qeEJZRM64r6lMY24CbLFyTNyYZUBGSptK0ayUH9PZDQyZhqFtjOiODar3lz8z/NTHF4HmYiTFHnMlouGqSSoyPx/MhCaM5RTSyjTwt5K2JhqytCmVLIheKsvr5NOo+65de++UWne5HEU4QzOoQYeXEET7qAFbWCg4Ble4c1B58V5dz6WrQUnnzmFP3A+fwCYFZAh</latexit>

<latexit sha1_base64="j7Qg7wig94vrJFCV9pY85/46vNU=">AAACA3icbZC7SgNBFIZn4y3G26qdNouJEAuT3TTaBII2VhIhN0himJ1MkiGzs8vMWSEsARtfxcZCEVtfws63cTbZQhN/GPj4zzmcOb8bcKbAtr+N1Mrq2vpGejOztb2zu2fuHzSUH0pC68Tnvmy5WFHOBK0DA05bgaTYczltuuPruN58oFIxX9RgEtCuh4eCDRjBoK2eeZQrl+6j2jlMi7cxaSg7RZGHs1zPzNoFeyZrGZwEsihRtWd+dfo+CT0qgHCsVNuxA+hGWAIjnE4znVDRAJMxHtK2RoE9qrrR7IapdaqdvjXwpX4CrJn7eyLCnlITz9WdHoaRWqzF5n+1dgiDy27ERBACFWS+aBByC3wrDsTqM0kJ8IkGTCTTf7XICEtMQMeW0SE4iycvQ6NUcOyCc1fKVq6SONLoGJ2gPHLQBaqgG1RFdUTQI3pGr+jNeDJejHfjY96aMpKZQ/RHxucPVrKVYg==</latexit>



Getting mutation distribution via sequencing
AGGTAGCGTTAGTCAG

AGGTAGCGTTAGTCAG
AGGTAGCGTTAGTCAG
AGGTAGCGTTAGTCAG
AGGTAGCGTTAGTCAG
AGGTAGCGTTAGTGAG
AGGTAGCGTTAGTGAG
AGGTAGCGTTAGTCAG
AGGTAGCGTTAGTCAG

X=25%

• Check many mutations at once
• Limits in the resolution (min. frequency)

• Coverage=1010/Genome Length
• Sequencing errors



Well-mixed

Population
Sequencing

x 10% 30%

x 30% 20% 20%

E. coli 
genome

Fusco et al., Nat. Comm. (2016)

Getting mutation distribution via sequencing
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Introducing selection

<latexit sha1_base64="NrMj0RBIZAOGX6LSJDX8/OEFrxo=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hgQ+5otCTaWGIiHwlcyN6yBxv2do/dPSO58CdsLDTG1r9j579xgSsUfMkkL+/NZGZeEHOmjet+O7mNza3tnfxuYW//4PCoeHzS0jJRhDaJ5FJ1AqwpZ4I2DTOcdmJFcRRw2g7Gt3O//UiVZlI8mGlM/QgPBQsZwcZKnTKXw8rTZblfLLlVdwG0TryMlCBDo1/86g0kSSIqDOFY667nxsZPsTKMcDor9BJNY0zGeEi7lgocUe2ni3tn6MIqAxRKZUsYtFB/T6Q40noaBbYzwmakV725+J/XTUx47adMxImhgiwXhQlHRqL582jAFCWGTy3BRDF7KyIjrDAxNqKCDcFbfXmdtGpVz61697VS/SaLIw9ncA4V8OAK6nAHDWgCAQ7P8ApvzsR5cd6dj2VrzslmTuEPnM8fwQOPGw==</latexit>

<latexit sha1_base64="s1Tcc4u1tgRTVk6X2gBDyzkiSCw=">AAAB8nicbVA9TwJBEJ3DL8Qv1NJmI5hgQ+5otCTaWGIiSHJcyN6ywIa928vunAm58DNsLDTG1l9j579xgSsUfMkkL+/NZGZemEhh0HW/ncLG5tb2TnG3tLd/cHhUPj7pGJVqxttMSaW7ITVcipi3UaDk3URzGoWSP4aT27n/+MS1ESp+wGnCg4iOYjEUjKKV/KpUo1rL7waX1X654tbdBcg68XJSgRytfvmrN1AsjXiMTFJjfM9NMMioRsEkn5V6qeEJZRM64r6lMY24CbLFyTNyYZUBGSptK0ayUH9PZDQyZhqFtjOiODar3lz8z/NTHF4HmYiTFHnMlouGqSSoyPx/MhCaM5RTSyjTwt5K2JhqytCmVLIheKsvr5NOo+65de++UWne5HEU4QzOoQYeXEET7qAFbWCg4Ble4c1B58V5dz6WrQUnnzmFP3A+fwCYFZAh</latexit>

Probability that a 
mutation
has frequency > x

<latexit sha1_base64="ioBZ7MQudxSok+uWFgrAN7R6TEc=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFhPBKt6l0UYI2liFCOZDkiPsbfaSJbt7x+6eEI78ChsLRWz9OXb+GzfJFZr4YODx3gwz84KYM21c99vJra1vbG7ltws7u3v7B8XDo5aOEkVok0Q8Up0Aa8qZpE3DDKedWFEsAk7bwfh25refqNIskg9mElNf4KFkISPYWOmx3Lmu98VFvdwvltyKOwdaJV5GSpCh0S9+9QYRSQSVhnCsdddzY+OnWBlGOJ0WeommMSZjPKRdSyUWVPvp/OApOrPKAIWRsiUNmqu/J1IstJ6IwHYKbEZ62ZuJ/3ndxIRXfspknBgqyWJRmHBkIjT7Hg2YosTwiSWYKGZvRWSEFSbGZlSwIXjLL6+SVrXiuRXvvlqq3WRx5OEETuEcPLiEGtxBA5pAQMAzvMKbo5wX5935WLTmnGzmGP7A+fwBGRePRg==</latexit>

<latexit sha1_base64="l+m2OAkC+aBZc6pqwow7Vw0EDX0="></latexit>

<latexit sha1_base64="IPNWTsPsqFGYp2SR1I2abWaCzqE=">AAACCHicbVDLSsNAFJ3UV62vqEsXBltBEGqmG90IRTeupIJ9QBLLZDpph04mcWYilJClG3/FjQtF3PoJ7vwbp20W2nrgwuGce7n3Hj9mVCrb/jYKC4tLyyvF1dLa+sbmlrm905JRIjBp4ohFouMjSRjlpKmoYqQTC4JCn5G2P7wc++0HIiSN+K0axcQLUZ/TgGKktNQ19ysNp+P2yT084XcpPJaZd+4GAuGUZ+l1VumaZbtqT2DNE5iTMsjR6Jpfbi/CSUi4wgxJ6UA7Vl6KhKKYkazkJpLECA9RnziachQS6aWTRzLrUCs9K4iELq6sifp7IkWhlKPQ150hUgM5643F/zwnUcGZl1IeJ4pwPF0UJMxSkTVOxepRQbBiI00QFlTfauEB0jEonV1JhwBnX54nrVoV2lV4UyvXL/I4imAPHIAjAMEpqIMr0ABNgMEjeAav4M14Ml6Md+Nj2low8pld8AfG5w9qu5j0</latexit>

S is the growth advantage of the mutant compared to non-mutants

<latexit sha1_base64="q4cgLp4NyL5H9tqqc699jpWApQY=">AAACH3icbZDLSsNAFIYn9VbrLerSzWArCGJJulCXRTcuK9gLNLFMppN26CQZZybSEvImbnwVNy4UEXd9GydpF9p6YODn/8/hzPk8zqhUljU1Ciura+sbxc3S1vbO7p65f9CSUSwwaeKIRaLjIUkYDUlTUcVIhwuCAo+Rtje6yfL2ExGSRuG9mnDiBmgQUp9ipLTVMy8qjW7HGZBHOHYdLiKuIjh+SM4dXyCc2Glin8k0dRDX2ThPMqPSM8tW1coLLgt7LspgXo2e+e30IxwHJFSYISm7tsWVmyChKGYkLTmxJBzhERqQrpYhCoh0k/y+FJ5opw/9SOgXKpi7vycSFEg5CTzdGSA1lItZZv6XdWPlX7kJDXmsSIhni/yYQQ0hgwX7VBCs2EQLhAXVf4V4iDQZpZGWNAR78eRl0apVbatq39XK9es5jiI4AsfgFNjgEtTBLWiAJsDgGbyCd/BhvBhvxqfxNWstGPOZQ/CnjOkPUnuigQ==</latexit>

Beneficial 
Mutations (s>0)

Deleterious 
Mutations (s<0)

In well-mixed populations, we have a 
theory that allows to estimate:
• Mutation rate
• Selection effects

<latexit sha1_base64="MrtwRKJBFGSoxxmbRnxQoO4Rj7Q=">AAAB8HicbVDLTgJBEJzFF+IL9ehlIph4Irtc9Ej04hETeRjYkNlhFibMYzPTa0I2fIUXDxrj1c/x5t84wB4UrKSTSlV3uruiRHALvv/tFTY2t7Z3irulvf2Dw6Py8Unb6tRQ1qJaaNONiGWCK9YCDoJ1E8OIjATrRJPbud95YsZyrR5gmrBQkpHiMacEnPRY7SdGJ6Crg3LFr/kL4HUS5KSCcjQH5a/+UNNUMgVUEGt7gZ9AmBEDnAo2K/VTyxJCJ2TEeo4qIpkNs8XBM3zhlCGOtXGlAC/U3xMZkdZOZeQ6JYGxXfXm4n9eL4X4Osy4SlJgii4XxanAoPH8ezzkhlEQU0cINdzdiumYGELBZVRyIQSrL6+Tdr0W+LXgvl5p3ORxFNEZOkeXKEBXqIHuUBO1EEUSPaNX9OYZ78V79z6WrQUvnzlFf+B9/gBdbJAa</latexit>



Selection: changes in replication rate

P Q
P generates on average W1 offspring per generation
Q generates on average W2 offspring per generation

<latexit sha1_base64="IWIr+ENvHTNZOXU/3X64iiYhTe0=">AAACIHicbVDLTgIxFO3gC/GFunTTCCYYI86wwQ0J0Y1LSOSRAJl0SoHGTmds7xjJhE9x46+4caExutOvsTwWCJ6kzck596S9xwsF12Db31ZiZXVtfSO5mdra3tndS+8f1HUQKcpqNBCBanpEM8ElqwEHwZqhYsT3BGt4d9djv/HAlOaBvIVhyDo+6Uve45SAkdx0MRu6UKq4cJEz11nVhdO27wWPMSayi0f43rjVebfknJtE1k1n7Lw9AV4mzoxk0AwVN/3V7gY08pkEKojWLccOoRMTBZwKNkq1I81CQu9In7UMlcRnuhNPFhzhE6N0cS9Q5kjAE3U+ERNf66HvmUmfwEAvemPxP68VQe+yE3MZRsAknT7UiwSGAI/bwl2uGAUxNIRQxc1fMR0QRSiYTlOmBGdx5WVSL+QdO+9UC5ny1ayOJDpCxyiHHFREZXSDKqiGKHpCL+gNvVvP1qv1YX1ORxPWLHOI/sD6+QWdSaC+</latexit>

<latexit sha1_base64="zfLawhko9FLwdOfBx3zs98e/nHg=">AAACFHicbVDLSsNAFJ34rPUVdelmsBWEQkm60Y1QdOOyBfuANoTJdNoOnUzCzI1YQj7Cjb/ixoUibl2482+cPhBtPXDhcM693HtPEAuuwXG+rJXVtfWNzdxWfntnd2/fPjhs6ihRlDVoJCLVDohmgkvWAA6CtWPFSBgI1gpG1xO/dceU5pG8hXHMvJAMJO9zSsBIvl0q1vwUSm522fLdmg+4GwbRfYqJ7OGs/mNV6j4UfbvglJ0p8DJx56SA5qj59me3F9EkZBKoIFp3XCcGLyUKOBUsy3cTzWJCR2TAOoZKEjLtpdOnMnxqlB7uR8qUBDxVf0+kJNR6HAamMyQw1IveRPzP6yTQv/BSLuMEmKSzRf1EYIjwJCHc44pREGNDCFXc3IrpkChCweSYNyG4iy8vk2al7Dplt14pVK/mceTQMTpBZ8hF56iKblANNRBFD+gJvaBX69F6tt6s91nrijWfOUJ/YH18A74BnLs=</latexit>

<latexit sha1_base64="FOQPM5jcNFUJ4fZivaHz7dbDUBo=">AAACDHicbVDLSgMxFM34rOOr6tJNsCMISpnpRjdC0Y3LCrZTaIchk6ZtaOZhckcoQz/Ajb/ixoUibv0Ad/6NmXYW2nogcDjn3CT3BIngCmz721haXlldWy9tmJtb2zu75b39lopTSVmTxiKW7YAoJnjEmsBBsHYiGQkDwdxgdJ377gOTisfRHYwT5oVkEPE+pwS05JcrlmV2Y53IL8hcHyaXru8kPpy6fu3ehzPTsnTKrtpT4EXiFKSCCjT88le3F9M0ZBFQQZTqOHYCXkYkcCrYxOymiiWEjsiAdTSNSMiUl02XmeBjrfRwP5b6RICn6u+JjIRKjcNAJ0MCQzXv5eJ/XieF/oWX8ShJgUV09lA/FRhinDeDe1wyCmKsCaGS679iOiSSUND9mboEZ37lRdKqVR276tzWKvWroo4SOkRH6AQ56BzV0Q1qoCai6BE9o1f0ZjwZL8a78TGLLhnFzAH6A+PzB7b+mXc=</latexit>

Mean fitness as function of time

<latexit sha1_base64="ZksnU3w+a/82a/PjUCR8B2LupYE="></latexit>

<latexit sha1_base64="0SBE9Ky0r6r4Upzdkk2sOQP7mVw=">AAAB+nicbVBNT8JAEJ36ifWr6NFLIzXxhC0XvZgQvXjERCgJNM12WWDDdtvsbiWk8lO8eNAYr/4Sb/4bF+hBwZdM8vLeTGbmRSmjUrnut7G2vrG5tV3aMXf39g8OrfJRSyaZwKSJE5aIdoQkYZSTpqKKkXYqCIojRvxodDvz/UciJE34g5qkJIjRgNM+xUhpKbTKjmOOQ3rth/TCDz3TcUKr4lbdOexV4hWkAgUaofXV7SU4iwlXmCEpO56bqiBHQlHMyNTsZpKkCI/QgHQ05SgmMsjnp0/tM6307H4idHFlz9XfEzmKpZzEke6MkRrKZW8m/ud1MtW/CnLK00wRjheL+hmzVWLPcrB7VBCs2EQThAXVt9p4iATCSqdl6hC85ZdXSatW9dyqd1+r1G+KOEpwAqdwDh5cQh3uoAFNwDCGZ3iFN+PJeDHejY9F65pRzBzDHxifP6x9kag=</latexit>

Fitness can be defined up to a 
multiplicative constant



Selection: changes in replication rate

P Q

<latexit sha1_base64="ZksnU3w+a/82a/PjUCR8B2LupYE="></latexit>

<latexit sha1_base64="HWeUFxKwnzU3sliRXIkBpyz1FeE="></latexit>

<latexit sha1_base64="AWhSUGa/xtBAOB6t17jeq4xyADU="></latexit>

<latexit sha1_base64="YKYYyx8JR9B3LxTUaW93Gkr1YVg=">AAACG3icbVDLSsNAFJ3UV42vqEs3wUaoCDXJRjdC0Y3LCvYBbQyT6aQdOnk4M7GUkP9w46+4caGIK8GFf+OkzUJbD9zL4Zx7mbnHiynhwjS/ldLS8srqWnld3djc2t7RdvdaPEoYwk0U0Yh1PMgxJSFuCiIo7sQMw8CjuO2NrnK//YAZJ1F4KyYxdgI4CIlPEBRScjXbMNTYTXsCJtlFz2cQpbFrZnk7qY5d+3TsWsd3M/9eGqphuFrFrJlT6IvEKkgFFGi42mevH6EkwKFAFHLetcxYOClkgiCKM7WXcBxDNIID3JU0hAHmTjq9LdOPpNLX/YjJCoU+VX9vpDDgfBJ4cjKAYsjnvVz8z+smwj93UhLGicAhmj3kJ1QXkZ4HpfcJw0jQiSQQMSL/qqMhlAEJGacqQ7DmT14kLbtmmTXrxq7UL4s4yuAAHIIqsMAZqINr0ABNgMAjeAav4E15Ul6Ud+VjNlpSip198AfK1w8QHp+H</latexit>

Often the parameterization w_2/w_1=1-s is used
<latexit sha1_base64="nUOoUc7wB8uvvbD8APQfXBJN5xQ=">AAACF3icbVDLSsNAFJ3UV42vqEs3wUaoiCHpRjdC0Y3LCvYBTQyT6aQdOnk4MxFKyF+48VfcuFDEre78GydtFtp64F4O59zLzD1+QgkXlvWtVJaWV1bXquvqxubW9o62u9fhccoQbqOYxqznQ44piXBbEEFxL2EYhj7FXX98VfjdB8w4iaNbMUmwG8JhRAKCoJCSp5mGoSZe5giY5hdOwCDKEs/Ki3ZSt0/58d3Mu5eiahieVrNMawp9kdglqYESLU/7cgYxSkMcCUQh533bSoSbQSYIojhXnZTjBKIxHOK+pBEMMXez6V25fiSVgR7ETFYk9Kn6eyODIeeT0JeTIRQjPu8V4n9ePxXBuZuRKEkFjtDsoSCluoj1IiR9QBhGgk4kgYgR+VcdjaAMR8goVRmCPX/yIuk0TNsy7ZtGrXlZxlEFB+AQ1IENzkATXIMWaAMEHsEzeAVvypPyorwrH7PRilLu7IM/UD5/AA5CnfI=</latexit>



Selection: changes in replication rate

P Q
<latexit sha1_base64="nUOoUc7wB8uvvbD8APQfXBJN5xQ=">AAACF3icbVDLSsNAFJ3UV42vqEs3wUaoiCHpRjdC0Y3LCvYBTQyT6aQdOnk4MxFKyF+48VfcuFDEre78GydtFtp64F4O59zLzD1+QgkXlvWtVJaWV1bXquvqxubW9o62u9fhccoQbqOYxqznQ44piXBbEEFxL2EYhj7FXX98VfjdB8w4iaNbMUmwG8JhRAKCoJCSp5mGoSZe5giY5hdOwCDKEs/Ki3ZSt0/58d3Mu5eiahieVrNMawp9kdglqYESLU/7cgYxSkMcCUQh533bSoSbQSYIojhXnZTjBKIxHOK+pBEMMXez6V25fiSVgR7ETFYk9Kn6eyODIeeT0JeTIRQjPu8V4n9ePxXBuZuRKEkFjtDsoSCluoj1IiR9QBhGgk4kgYgR+VcdjaAMR8goVRmCPX/yIuk0TNsy7ZtGrXlZxlEFB+AQ1IENzkATXIMWaAMEHsEzeAVvypPyorwrH7PRilLu7IM/UD5/AA5CnfI=</latexit>

<latexit sha1_base64="FZUrcX1c7PJDWEHnUO5cJLHjtlc="></latexit>

How long it takes for a new mutation to fix?

<latexit sha1_base64="dFhCuAloD1QZbDY/gs9E6vImvhc=">AAACDnicbVC7TsMwFHXKq4RXgJEloq1UlijpAmMFCxMqEn1ITVQ5rtNadezIdhBVlC9g4VdYGECIlZmNv8FtM0DLkSwdnXOuru8JE0qkct1vo7S2vrG5Vd42d3b39g+sw6OO5KlAuI045aIXQokpYbitiKK4lwgM45Dibji5mvndeywk4exOTRMcxHDESEQQVFoaWLVq1fQVTH2YJII/+JGAKGvkmcx9ykf1mzPH1ImBVXEddw57lXgFqYACrYH15Q85SmPMFKJQyr7nJirIoFAEUZybfipxAtEEjnBfUwZjLINsfk5u17QytCMu9GPKnqu/JzIYSzmNQ52MoRrLZW8m/uf1UxVdBBlhSaowQ4tFUUptxe1ZN/aQCIwUnWoCkSD6rzYaQ92I0g3OSvCWT14lnYbjuY5326g0L4s6yuAEnII68MA5aIJr0AJtgMAjeAav4M14Ml6Md+NjES0Zxcwx+APj8wdg5ppd</latexit>

For small s



Interplay between selection and drift (strong 
selection)

P Q

<latexit sha1_base64="e6Gogv/SoMhmXBO7SJOnRau4LS0=">AAACEXicbVDLSsNAFJ3UV42vqEs3o61QEUPSjW6EohuXFWwrtGmZTCft0MmDmYlQQn7Bjb/ixoUibt2582+cpFlo64GBwznncuceN2JUSMv61kpLyyura+V1fWNza3vH2N1rizDmmLRwyEJ+7yJBGA1IS1LJyH3ECfJdRjru5DrzOw+ECxoGd3IaEcdHo4B6FCOppIFRq1b15oBe9jyOcFKzT8VJn5J+cpbTNE3oYWrqKjQwKpZp5YCLxC5IBRRoDoyv3jDEsU8CiRkSomtbkXQSxCXFjKR6LxYkQniCRqSraIB8IpwkvyiFx0oZQi/k6gUS5urviQT5Qkx9VyV9JMdi3svE/7xuLL0LJ6FBFEsS4NkiL2ZQhjCrBw4pJ1iyqSIIc6r+CvEYqW6kKjErwZ4/eZG066ZtmfZtvdK4KuoogwNwBGrABuegAW5AE7QABo/gGbyCN+1Je9HetY9ZtKQVM/vgD7TPH8KMmcs=</latexit>

Number of offspring is Poisson 
distributed

Probability of loss of the beneficial mutation

<latexit sha1_base64="M+lc66r5Eq0enEJYPMbQy3ipMFY="></latexit>

<latexit sha1_base64="Iz25tcMEXJART9J+cMpbnjRGF+U=">AAACInicbZDLSgMxFIYz9VbH26hLN4MdoVKsk9moC6EoiMsK9gK9kUkzbWjmQpIRy9BnceOruHGhqCvBhzHTFtHWAyEf/38OyfndiFEhbftTyywsLi2vZFf1tfWNzS1je6cqwphjUsEhC3ndRYIwGpCKpJKResQJ8l1Gau7gMvVrd4QLGga3chiRlo96AfUoRlJJHePMsnR4VO5cnZN2kt55WBCHoyaKIh7ewx+loKDtjLHtHDu6ZXWMnF20x2XOA5xCDkyr3DHem90Qxz4JJGZIiAa0I9lKEJcUMzLSm7EgEcID1CMNhQHyiWgl4xVH5oFSuqYXcnUCaY7V3xMJ8oUY+q7q9JHsi1kvFf/zGrH0TlsJDaJYkgBPHvJiZsrQTPMyu5QTLNlQAcKcqr+auI84wlKlqqsQ4OzK81B1itAuwhsnV7qYxpEFe2Af5AEEJ6AErkEZVAAGD+AJvIBX7VF71t60j0lrRpvO7II/pX19A9B6nj4=</latexit>

Probability of not losing the beneficial mutation

<latexit sha1_base64="lD3QYbsB2il6g98SOWUyR624BxY=">AAAB73icbVDLSgNBEOyNrxhfUY9eBhPBU9jNRS9CUBCPEcwDkiXMTibJkNnZdaZXCEt+wosHRbz6O978GyfJHjSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNU2UaMYbLJKRbgfUcCkUb6BAydux5jQMJG8F45uZ33ri2ohIPeAk5n5Ih0oMBKNopXa53ru9qppyr1hyK+4cZJV4GSlBhnqv+NXtRywJuUImqTEdz43RT6lGwSSfFrqJ4TFlYzrkHUsVDbnx0/m9U3JmlT4ZRNqWQjJXf0+kNDRmEga2M6Q4MsveTPzP6yQ4uPRToeIEuWKLRYNEEozI7HnSF5ozlBNLKNPC3krYiGrK0EZUsCF4yy+vkma14rkV775aql1nceThBE7hHDy4gBrcQR0awEDCM7zCm/PovDjvzseiNedkM8fwB87nD3C0juc=</latexit>

For small s



<latexit sha1_base64="SBvZsowQ7Lu26lNgKlM3iwnevxE=">AAACDHicbVDLSsNAFJ3UV42vqks3g43QLixJN7oRig9wWcE+oAllMp20QyfJMDMRSsgHuPFX3LhQxK0f4M6/cdpmoa0HBg7nnMude3zOqFS2/W0UVlbX1jeKm+bW9s7uXmn/oC3jRGDSwjGLRddHkjAakZaiipEuFwSFPiMdf3w19TsPREgaR/dqwokXomFEA4qR0lK/VLYs86biXhOmEOTVCzcQCKcyS+sZrzinvGpalk7ZNXsGuEycnJRBjma/9OUOYpyEJFKYISl7js2VlyKhKGYkM91EEo7wGA1JT9MIhUR66eyYDJ5oZQCDWOgXKThTf0+kKJRyEvo6GSI1koveVPzP6yUqOPdSGvFEkQjPFwUJgyqG02bggAqCFZtogrCg+q8Qj5CuQ+n+TF2Cs3jyMmnXa45dc+7q5cZlXkcRHIFjUAEOOAMNcAuaoAUweATP4BW8GU/Gi/FufMyjBSOfOQR/YHz+AA3BmHA=</latexit>

Interplay between selection and drift (weak 
selection)

P Q Assume deterministic change from one generation to the 
next and then binomial sampling (small s, diploid 
population)

<latexit sha1_base64="RN80E0ZKzfxN7Ea6YsG0sCk9AqI="></latexit>

If Ns<<1, drift dominates, otherwise selection does

<latexit sha1_base64="8aMF4EWdcI5HlreL9QYQgR/5L14=">AAACFXicbVDLSsNAFJ3UV42vqEs3wUaoYEvSjW6EohtXUsE+oIllMp20QyfJMDMRSshPuPFX3LhQxK3gzr9x2gbU1gMXzpxzL3Pv8RklQtr2l1ZYWl5ZXSuu6xubW9s7xu5eS8QJR7iJYhrzjg8FpiTCTUkkxR3GMQx9itv+6HLit+8xFySObuWYYS+Eg4gEBEGppJ5xYlm6y0iZHZ+7AYcodSr4Lq3UrgXLsp9HllV1y+oZJbtqT2EuEicnJZCj0TM+3X6MkhBHElEoRNexmfRSyCVBFGe6mwjMIBrBAe4qGsEQCy+dXpWZR0rpm0HMVUXSnKq/J1IYCjEOfdUZQjkU895E/M/rJjI481ISsUTiCM0+ChJqyticRGT2CcdI0rEiEHGidjXREKpwpApSVyE48ycvklat6thV56ZWql/kcRTBATgEZeCAU1AHV6ABmgCBB/AEXsCr9qg9a2/a+6y1oOUz++APtI9v+tycMA==</latexit>

Probability that allele will eventually fix

Try to prove as exercise

<latexit sha1_base64="SBvZsowQ7Lu26lNgKlM3iwnevxE=">AAACDHicbVDLSsNAFJ3UV42vqks3g43QLixJN7oRig9wWcE+oAllMp20QyfJMDMRSsgHuPFX3LhQxK0f4M6/cdpmoa0HBg7nnMude3zOqFS2/W0UVlbX1jeKm+bW9s7uXmn/oC3jRGDSwjGLRddHkjAakZaiipEuFwSFPiMdf3w19TsPREgaR/dqwokXomFEA4qR0lK/VLYs86biXhOmEOTVCzcQCKcyS+sZrzinvGpalk7ZNXsGuEycnJRBjma/9OUOYpyEJFKYISl7js2VlyKhKGYkM91EEo7wGA1JT9MIhUR66eyYDJ5oZQCDWOgXKThTf0+kKJRyEvo6GSI1koveVPzP6yUqOPdSGvFEkQjPFwUJgyqG02bggAqCFZtogrCg+q8Qj5CuQ+n+TF2Cs3jyMmnXa45dc+7q5cZlXkcRHIFjUAEOOAMNcAuaoAUweATP4BW8GU/Gi/FufMyjBSOfOQR/YHz+AA3BmHA=</latexit>

<latexit sha1_base64="RN80E0ZKzfxN7Ea6YsG0sCk9AqI="></latexit>

<latexit sha1_base64="RN80E0ZKzfxN7Ea6YsG0sCk9AqI="></latexit>

<latexit sha1_base64="RN80E0ZKzfxN7Ea6YsG0sCk9AqI="></latexit>



Interplay between selection and drift (weak 
selection)

<latexit sha1_base64="SEFEy3rYRv4DRd2RURzhsgCQPDw=">AAACFXicbZDLSsNAFIYn9VbjLerSTbARKtiYZKMboejGValgL9DEMplO2qGTCzMToYS8hBtfxY0LRdwK7nwbp20WWv1h4OM/53Dm/H5CCReW9aWUlpZXVtfK6+rG5tb2jra71+ZxyhBuoZjGrOtDjimJcEsQQXE3YRiGPsUdf3w1rXfuMeMkjm7FJMFeCIcRCQiCQlp97cQwVDchVfvUaRxfuAGDKLNr+C6r8TwvyGlINlXD6GsVy7Rm0v+CXUAFFGr2tU93EKM0xJFAFHLes61EeBlkgiCKc9VNOU4gGsMh7kmMYIi5l82uyvUj6Qz0IGbyRUKfuT8nMhhyPgl92RlCMeKLtan5X62XiuDcy0iUpAJHaL4oSKkuYn0akT4gDCNBJxIgYkT+VUcjKJMRMkhVhmAvnvwX2o5pW6Z941Tql0UcZXAADkEV2OAM1ME1aIIWQOABPIEX8Ko8Ks/Km/I+by0pxcw++CXl4xsmtJuw</latexit>

<latexit sha1_base64="QoyJ16o0Z2xTx4C1tmExL6YYYYo=">AAACFXicbVDLSsNAFJ3UV42vqks3g61QQWvSjS6LblyVCvYBTSyT6aQdOkmGmYlYQn7Cjb/ixoUibgV3/o3TNgttPTBwOOdc7tzjcUalsqxvI7e0vLK6ll83Nza3tncKu3stGcUCkyaOWCQ6HpKE0ZA0FVWMdLggKPAYaXujq4nfvidC0ii8VWNO3AANQupTjJSWeoUTWCqZ0OG0bJ9V68cO4lxED44vEE5kmpC7pFqX6amdmjrYKxStijUFXCR2RoogQ6NX+HL6EY4DEirMkJRd2+LKTZBQFDOSmk4sCUd4hAakq2mIAiLdZHpVCo+00od+JPQLFZyqvycSFEg5DjydDJAaynlvIv7ndWPlX7gJDXmsSIhni/yYQRXBSUWwTwXBio01QVhQ/VeIh0g3onSRpi7Bnj95kbSqFduq2DfVYu0yqyMPDsAhKAMbnIMauAYN0AQYPIJn8ArejCfjxXg3PmbRnJHN7IM/MD5/AOJ1nCg=</latexit>

Fixation of beneficial and deleterious 
mutations (starting at frequency 1/2N)



Beyond well-mixed: the role of space
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Reaction-diffusion equation describes spread 
of a beneficial allele in a spatial population

Allele q grows at a rate 1+s and jumps over a 
distance         from a distribution g()=N(0,s)

<latexit sha1_base64="BTixlYu7XHsb55QEELyNA/XN5sM=">AAAB+XicbVDLTgJBEOzFF66vVY9eJoKJJ7LLRY9EPXjERB4JbMjsMMCE2Udmeolkw5948aAxXv0Tb/6NA+xBwUo6qanqznRXkEih0XW/rcLG5tb2TnHX3ts/ODxyjk+aOk4V4w0Wy1i1A6q5FBFvoEDJ24niNAwkbwXj27nfmnClRRw94jThfkiHkRgIRtFIPcch5bLdveMSKXmyzaPnlNyKuwBZJ15OSpCj3nO+uv2YpSGPkEmqdcdzE/QzqlAwyWd2N9U8oWxMh7xjaERDrv1ssfmMXBilTwaxMhUhWai/JzIaaj0NA9MZUhzpVW8u/ud1Uhxc+5mIkhR5xJYfDVJJMCbzGEhfKM5QTg2hTAmzK2EjqihDE5ZtQvBWT14nzWrFcyveQ7VUu8njKMIZnMMleHAFNbiHOjSAwQSe4RXerMx6sd6tj2VrwcpnTuEPrM8foFyRCw==</latexit>

<latexit sha1_base64="3ML6Pzpphow3byfEx2BpLjPSqrM="></latexit>

Let’s Taylor expand

<latexit sha1_base64="KAMIbHQcoVwn/NKUHcQuBF828nA="></latexit>



Reaction-diffusion equation describes spread 
of a beneficial allele in a spatial population

<latexit sha1_base64="xpBsDmlYJoPyGgB4XZRnC3cyflc="></latexit>

Taking time changes to zero

<latexit sha1_base64="88y98bxXNXe2UbBo68Tkn08OhcI=">AAACGnicbVDLSsNAFJ3UV42vqEs3wUZwVZJsdCMU3bisYB/QpGEynbRDJ4/OTMQS8h1u/BU3LhRxJ278GydtEG09cOFwzr0z9x4/oYQL0/xSKiura+sb1U11a3tnd0/bP2jzOGUIt1BMY9b1IceURLgliKC4mzAMQ5/ijj++KvzOHWacxNGtmCbYDeEwIgFBUEjJ0yzDUJ0EMkEg9cTkwgkYRJnDyTCEfTvP7PzHve/bE9UwPK1m1s0Z9GVilaQGSjQ97cMZxCgNcSQQhZz3LDMRbla8iijOVSflOIFoDIe4J2kEQ8zdbHZarp9IZaAHMZMVCX2m/p7IYMj5NPRlZwjFiC96hfif10tFcO5mJEpSgSM0/yhIqS5ivchJHxCGkaBTSSBiRO6qoxGU4QiZpipDsBZPXiZtu26ZdevGrjUuyziq4Agcg1NggTPQANegCVoAgQfwBF7Aq/KoPCtvyvu8taKUM4fgD5TPbwuMoDk=</latexit>

Remembering logistic growth and defining 
<latexit sha1_base64="itr2cyrdmXwIVwG/2ImMmRV0qUo=">AAAB+3icbVC7TsMwFHV4lvAKZWSxaJCYSpIFFqQKGBiLRB9SGyrHdVqrthPZDqKK+issDCDEyo+w8Te4bQZoOdKVjs65V/feE6WMKu1539bK6tr6xmZpy97e2d3bdw7KTZVkEpMGTlgi2xFShFFBGppqRtqpJIhHjLSi0fXUbz0SqWgi7vU4JSFHA0FjipE2Us8pu659c9lVdMDRQ3AW2K7bcype1ZsBLhO/IBVQoN5zvrr9BGecCI0ZUqrje6kOcyQ1xYxM7G6mSIrwCA1Ix1CBOFFhPrt9Ak+M0odxIk0JDWfq74kccaXGPDKdHOmhWvSm4n9eJ9PxRZhTkWaaCDxfFGcM6gROg4B9KgnWbGwIwpKaWyEeIomwNnHZJgR/8eVl0gyqvlf174JK7aqIowSOwDE4BT44BzVwC+qgATB4As/gFbxZE+vFerc+5q0rVjFzCP7A+vwBGu2R4A==</latexit>

<latexit sha1_base64="OWVUl0Bht6Bu8Ly5YE0nIPcZTTs=">AAACJnicbVDLTgIxFO34xPGFunQzEUwg6mSGjW5IiLpwiYk8EhhJpxRo6Dxs7xgI4Wvc+CtuXGCMceenWJiJUfAkTU/Oufe297ghZxIs61NbWl5ZXVtPbeibW9s7u+m9/aoMIkFohQQ8EHUXS8qZTyvAgNN6KCj2XE5rbv9q6tceqZAs8O9gGFLHw12fdRjBoKRWupjN6s0QC2CYt+AhNziFfFHGd84+i0n+5PqnZnBfiEVTz2Zb6YxlWjMYi8ROSAYlKLfSk2Y7IJFHfSAcS9mwrRCc0XQ24XSsNyNJQ0z6uEsbivrYo9IZzdYcG8dKaRudQKjjgzFTf3eMsCfl0HNVpYehJ+e9qfif14igc+GMmB9GQH0SP9SJuAGBMc3MaDNBCfChIpgIpv5qkB4WmIBKVlch2PMrL5JqwbQt074tZEqXSRwpdIiOUA7Z6ByV0A0qowoi6Am9oAl60561V+1d+4hLl7Sk5wD9gfb1DTGhod8=</latexit>

This is the Fisher-Kolmogorov equation



Application 1: emergence of resistance

Baym et al., Science 2016

Gralka, Fusco, Martis, Hallatschek, Physical Biology 2017

<latexit sha1_base64="M+eYd1MGgsA/Fbzv73Rsrh+VS5w="></latexit>

Birth Rate Death Rate



Application 1: emergence of resistance

Gralka, Fusco, Martis, Hallatschek, Physical Biology 2017

• Birth-death process to describe survival probability              that mutation 
born at position x survives until time t.

<latexit sha1_base64="8KJzys65yHP6/+aCXh6//W0wKAo=">AAAB73icbVA9TwJBEJ3zE/ELtbTZCCbYkDsaLYk2lpjIRwIXsrfswYa9vXN3zkgIf8LGQmNs/Tt2/hsXuELBl0zy8t5MZuYFiRQGXffbWVvf2Nzazu3kd/f2Dw4LR8dNE6ea8QaLZazbATVcCsUbKFDydqI5jQLJW8HoZua3Hrk2Ilb3OE64H9GBEqFgFK3ULqW9pzJelHqFoltx5yCrxMtIETLUe4Wvbj9macQVMkmN6Xhugv6EahRM8mm+mxqeUDaiA96xVNGIG38yv3dKzq3SJ2GsbSkkc/X3xIRGxoyjwHZGFIdm2ZuJ/3mdFMMrfyJUkiJXbLEoTCXBmMyeJ32hOUM5toQyLeythA2ppgxtRHkbgrf88ippViueW/HuqsXadRZHDk7hDMrgwSXU4Bbq0AAGEp7hFd6cB+fFeXc+Fq1rTjZzAn/gfP4Ayj2PIQ==</latexit>

Nothing happens

Migration to/from neighboring sites

Survival of at least 1 lineage
upon replication

<latexit sha1_base64="2XBZw04xpbxdbKfZ1Aq8TJi8jJk=">AAACfXicbVFNb9NAEF2brxI+msKRy4q0UkJIZOfSXipVggPHIpG2ktdY6804WXW9tnbHKJHlf8Ev48Zf4QLrxEWlZaRdPb33ZmZ3Ji2VtBgEPz3/wcNHj5/sPe09e/7i5X7/4NWFLSojYC4KVZirlFtQUsMcJSq4Kg3wPFVwmV5/aPXLb2CsLPQX3JQQ53ypZSYFR0cl/e+HVbIe4phBaaUq9Oj0BlE+XI+YggxZHU6icLI1ju KvM2bkcoWsGbfCjT1q7ePUXTFrdta/RenHqErq9ZgtQCGn66YVW2Zym5nMug6HSX8QTINt0Psg7MCAdHGe9H+wRSGqHDQKxa2NwqDEuOYGpVDQ9FhloeTimi8hclDzHGxcb6fX0CPHLGhWGHc00i17O6PmubWbPHXOnOPK3tVa8n9aVGF2EtdSlxWCFrtGWaUoFrRdBV1IAwLVxgEujHRvpWLFDRfoFtZzQwjvfvk+uJhNw2Aafp4Nzk66ceyRN+QtGZKQHJMz8omckzkR5JdHvZH3zvvtH/nv/enO6ntdzmvyT/jHfwA4Vb7h</latexit>

<latexit sha1_base64="Ou+5e5hiU9k4AcXduFWx3i201WU=">AAACG3icbVDLSgMxFM34rPVVdekm2AoVaZmZjd0IBV24rGAf0E6HTJppQzMP8pCW0v9w46+4caGIK8GFf2OmHURbDyScnHMvN/d4MaNCmuaXsbK6tr6xmdnKbu/s7u3nDg4bIlIckzqOWMRbHhKE0ZDUJZWMtGJOUOAx0vSGV4nfvCdc0Ci8k+OYOAHqh9SnGEktuTm70IkRlxQxV0J1ef3zGnVtdd5GxdFZydOXo0oJV1274ObyZtmcAS4TKyV5kKLm5j46vQirgIQSMyRE2zJj6UySQZiRabajBIkRHqI+aWsaooAIZzLbbQpPtdKDfsT1CSWcqb87JigQYhx4ujJAciAWvUT8z2sr6VecCQ1jJUmI54N8xaCMYBIU7FFOsGRjTRDmVP8V4gHiCEsdZ1aHYC2uvEwadtkyy9atna9W0jgy4BicgCKwwAWoghtQA3WAwQN4Ai/g1Xg0no03431eumKkPUfgD4zPb/q9n2g=</latexit>

<latexit sha1_base64="M+eYd1MGgsA/Fbzv73Rsrh+VS5w="></latexit>



Application 1: emergence of resistance

Gralka, Fusco, Martis, Hallatschek, Physical Biology 2017

• Step-like antibiotic profile
<latexit sha1_base64="P97k5bRfjpETQORpttCHXuRxuYY=">AAAB73icbVA9TwJBEJ3DL8Qv1NJmI5hgQ+5opDEhsbHERD4SuJC9ZQ827O2eu3tGcuFP2FhojK1/x85/4wJXKPiSSV7em8nMvCDmTBvX/XZyG5tb2zv53cLe/sHhUfH4pK1loghtEcml6gZYU84EbRlmOO3GiuIo4LQTTG7mfueRKs2kuDfTmPoRHgkWMoKNlbplXHm6vPbKg2LJrboLoHXiZaQEGZqD4ld/KEkSUWEIx1r3PDc2foqVYYTTWaGfaBpjMsEj2rNU4IhqP13cO0MXVhmiUCpbwqCF+nsixZHW0yiwnRE2Y73qzcX/vF5iwrqfMhEnhgqyXBQmHBmJ5s+jIVOUGD61BBPF7K2IjLHCxNiICjYEb/XlddKuVT236t3VSo16FkcezuAcKuDBFTTgFprQAgIcnuEV3pwH58V5dz6WrTknmzmFP3A+fwAN6Y6e</latexit> <latexit sha1_base64="zn6DRuXwM9Vlsr49XxYDQKP6rwI=">AAAB+nicbZDLTsJAFIanXhFvRZduJoIJbkjLRjYmJG5cYsItgYZMhylMmE6bmVOVVB7FjQuNceuTuPNtHKALBf9kki//OSfnzO/HgmtwnG9rY3Nre2c3t5ffPzg8OrYLJ20dJYqyFo1EpLo+0UxwyVrAQbBurBgJfcE6/uRmXu/cM6V5JJswjZkXkpHkAacEjDWwCyW//Hh5Xe03xwyIwdLALjoVZyG8Dm4GRZSpMbC/+sOIJiGTQAXRuuc6MXgpUcCpYLN8P9EsJnRCRqxnUJKQaS9dnD7DF8YZ4iBS5knAC/f3REpCraehbzpDAmO9Wpub/9V6CQQ1L+UyToBJulwUJAJDhOc54CFXjIKYGiBUcXMrpmOiCAWTVt6E4K5+eR3a1YrrVNy7arFey+LIoTN0jsrIRVeojm5RA7UQRQ/oGb2iN+vJerHerY9l64aVzZyiP7I+fwCrFJJG</latexit>

Steady-state for c(x)

Solve by mechanical analogy with a particle in a potential

<latexit sha1_base64="3J/ZNp+HmvMXQEdcWn3NSwHGOPg=">AAAB+3icbVBNT8JAEN3iF+JXxaOXjWCCB6EtB7mYkHjxiIkFEihku2xhw3bb7G6NpOGvePGgMV79I978Ny7Qg6IvmeTlvZnMzPNjRqWyrC8jt7G5tb2T3y3s7R8cHpnHxbaMEoGJiyMWia6PJGGUE1dRxUg3FgSFPiMdf3qz8DsPREga8Xs1i4kXojGnAcVIaWloFstuBV9c44FTcy7xoF6rl4dmyapaS8C/xM5ICWRoDc3P/ijCSUi4wgxJ2bOtWHkpEopiRuaFfiJJjPAUjUlPU45CIr10efscnmtlBINI6OIKLtWfEykKpZyFvu4MkZrIdW8h/uf1EhU0vJTyOFGE49WiIGFQRXARBBxRQbBiM00QFlTfCvEECYSVjqugQ7DXX/5L2k7Vtqr2nVNqNrI48uAUnIEKsMEVaIJb0AIuwOARPIEX8GrMjWfjzXhfteaMbOYE/ILx8Q3pI5G4</latexit>

<latexit sha1_base64="6V4oE8W1FxuK7EbJrec0sHDn+go=">AAAB9XicbVBNS8NAEJ34WetX1aOXYCvUgyXpxV6EghePFewHtLFstpt26WYTdidKCf0fXjwo4tX/4s1/47bNQVsfDDzem2Fmnh8LrtFxvq219Y3Nre3cTn53b//gsHB03NJRoihr0khEquMTzQSXrIkcBevEipHQF6ztj29mfvuRKc0jeY+TmHkhGUoecErQSA8lWr7scRng5OLaLfULRafizGGvEjcjRcjQ6Be+eoOIJiGTSAXRuus6MXopUcipYNN8L9EsJnRMhqxrqCQh0146v3pqnxtlYAeRMiXRnqu/J1ISaj0JfdMZEhzpZW8m/ud1EwxqXsplnCCTdLEoSISNkT2LwB5wxSiKiSGEKm5utemIKELRBJU3IbjLL6+SVrXiOhX3rlqs17I4cnAKZ1AGF66gDrfQgCZQUPAMr/BmPVkv1rv1sWhds7KZE/gD6/MHZH2RFw==</latexit>

Boundary conditions

<latexit sha1_base64="ioprONnH0UN8AE5a1pvoymQVnTQ=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ/ZooDEhsbHERD4iXMjesgcb9vYuu3sm5MK/sLHQGFv/jZ3/xgWuUPAlk7y8N5OZeX4suDYYfzu5re2d3b38fuHg8Oj4pHh61tFRoihr00hEqucTzQSXrG24EawXK0ZCX7CuP71d+N0npjSP5IOZxcwLyVjygFNirPRYphV8fUOHuDwslnAVL4E2iZuREmRoDYtfg1FEk5BJQwXRuu/i2HgpUYZTweaFQaJZTOiUjFnfUklCpr10efEcXVllhIJI2ZIGLdXfEykJtZ6Fvu0MiZnodW8h/uf1ExM0vJTLODFM0tWiIBHIRGjxPhpxxagRM0sIVdzeiuiEKEKNDalgQ3DXX94knVrVxVX3vlZqNrI48nABl1ABF+rQhDtoQRsoSHiGV3hztPPivDsfq9ack82cwx84nz8Vpo8t</latexit>

<latexit sha1_base64="g1q9fqhbQYYTyKGyBcL6El4zUGA=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69BFtBEGrSg/ZSKIggeKlg2kIayma7aZdudsPuRiilP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLE0aVdpxvK7e2vrG5ld8u7Ozu7R8UD49aSqQSEw8LJmQnRIowyomnqWakk0iC4pCRdji6mfntJyIVFfxRjxMSxGjAaUQx0kbyy7f1+wuv7l5elXvFklNx5rBXiZuREmRo9opf3b7AaUy4xgwp5btOooMJkppiRqaFbqpIgvAIDYhvKEcxUcFkfvLUPjNK346ENMW1PVd/T0xQrNQ4Dk1njPRQLXsz8T/PT3VUCyaUJ6kmHC8WRSmztbBn/9t9KgnWbGwIwpKaW208RBJhbVIqmBDc5ZdXSatacZ2K+1AtNWpZHHk4gVM4BxeuoQF30AQPMAh4hld4s7T1Yr1bH4vWnJXNHMMfWJ8/UHSPRA==</latexit>

<latexit sha1_base64="sXNL4VLTck0JyNuikTIGvJJSacc=">AAACFHicbZDLSsNAFIYn9VbrLerSTbAVKmJJsrGbQkEEwU0F0xaaUCaTSTs4uTgzKZaQh3Djq7hxoYhbF+58G6dtEG39YeDjP+dw5vxuTAkXuv6lFJaWV1bXiuuljc2t7R11d6/No4QhbKGIRqzrQo4pCbEliKC4GzMMA5fijnt7Pql3RphxEoU3YhxjJ4CDkPgEQSGtvnpSGTVsn0GUeihLvfusYfM7JlLz6ocuTk2rio6zSl8t6zV9Km0RjBzKIFerr37aXoSSAIcCUch5z9Bj4aSQCYIozkp2wnEM0S0c4J7EEAaYO+n0qEw7ko6n+RGTLxTa1P09kcKA83Hgys4AiiGfr03M/2q9RPh1JyVhnAgcotkiP6GaiLRJQppHGEaCjiVAxIj8q4aGUEYkZI4lGYIxf/IitM2aodeMa7PcrOdxFMEBOARVYIAz0ASXoAUsgMADeAIv4FV5VJ6VN+V91lpQ8pl98EfKxze5U53l</latexit>

<latexit sha1_base64="c8Y9EnMmQOmfQ5tEcY2oQ98QkC0=">AAACGnicbVBNS8NAEN34bf2qevQSrGI9WJJe7EUQRPCoYKvQ1LCZbnRxs4m7E7Es+R1e/CtePCjiTbz4b9x+HPx6MPB4b4aZeVEmuEbP+3TGxicmp6ZnZktz8wuLS+XllZZOcwWsCalI1XlENRNcsiZyFOw8U4wmkWBn0fVB3z+7ZUrzVJ5iL2OdhF5KHnOgaKWw7G/c7QVcYmgg9IoLA9W77SKIFQXTha3CBPpGoakf7tSbVdjaLoqNsFzxat4A7l/ij0iFjHAclt+Dbgp5wiSCoFq3fS/DjqEKOQhWlIJcs4zCNb1kbUslTZjumMFrhbtpla4bp8qWRHegfp8wNNG6l0S2M6F4pX97ffE/r51j3OgYLrMcmYThojgXLqZuPye3yxUDFD1LKChub3Xhitpc0KZZsiH4v1/+S1r1mu/V/JN6Zb8ximOGrJF1UiU+2SX75IgckyYBck8eyTN5cR6cJ+fVeRu2jjmjmVXyA87HF7LHn/I=</latexit>

<latexit sha1_base64="dCP6+REp2oF3UZwZsxX+kVZTPIE=">AAACDnicbVDLSsNAFJ34rPUVdekm2BYq0pJkYzdCwY3LCn1BkobJdNIOnTyYmUhL6Be48VfcuFDErWt3/o2TNgttPXDhcM693HuPF1PCha5/KxubW9s7u4W94v7B4dGxenLa5VHCEO6giEas70GOKQlxRxBBcT9mGAYexT1vcpv5vQfMOInCtpjF2AngKCQ+QVBIyVUrZf3GjiETBFJ3OjDRlWXUTLs9xgJWp5cOqqGBWXbVkl7XF9DWiZGTEsjRctUvexihJMChQBRybhl6LJw024MonhfthOMYogkcYUvSEAaYO+ninblWkcpQ8yMmKxTaQv09kcKA81ngyc4AijFf9TLxP89KhN9wUhLGicAhWi7yE6qJSMuy0YaEYSToTBKIGJG3amgMGURCJliUIRirL6+Trlk39Lpxb5aajTyOAjgHF6AKDHANmuAOtEAHIPAInsEreFOelBflXflYtm4o+cwZ+APl8wet55nq</latexit>

<latexit sha1_base64="fyBSrz0GUXU97uVSD1B6G9S6W48=">AAAB+XicbVA9TwJBEJ3DL8SvU0ubjWBiRe5opLAgsbFEIx8JXMjessCGvd3L7h5KLvwTGwuNsfWf2PlvXOAKBV8yyct7M5mZF8acaeN5305uY3Nreye/W9jbPzg8co9PmlomitAGkVyqdog15UzQhmGG03asKI5CTlvh+GbutyZUaSbFg5nGNIjwULABI9hYqee6padrr3vPhiODlZKPpZ5b9MreAmid+BkpQoZ6z/3q9iVJIi oM4Vjrju/FJkixMoxwOit0E01jTMZ4SDuWChxRHaSLy2fowip9NJDKljBoof6eSHGk9TQKbWeEzUivenPxP6+TmEE1SJmIE0MFWS4aJBwZieYxoD5TlBg+tQQTxeytiIywwsTYsAo2BH/15XXSrJR9r+zfVYq1ahZHHs7gHC7BhyuowS3UoQEEJvAMr/DmpM6L8+58LFtzTjZzCn/gfP4Al5OS8A==</latexit>

<latexit sha1_base64="dM/3gWpz5fLsq2N1M7R2nDq/ano=">AAACC3icbVC7TgJBFJ3FF+Jr1dJmAphgIewuhTQaEhtLNC6QwEpmh1mYMPvIzKxKNvQ2/oqNhcbY+gN2/o0DbKHoSe7NyTn3ZuYeN2JUSMP40jJLyyura9n13Mbm1vaOvrvXFGHMMbFxyELedpEgjAbEllQy0o44Qb7LSMsdnU/91i3hgobBtRxHxPHRIKAexUgqqafni/dnRveKDoYScR7eQbuEj06P8Y1VsVSvVqrFnl4wysYM8C8xU1IAKRo9/bPbD3Hsk0BihoTomEYknQRxSTEjk1w3FiRCeIQGpKNogHwinGR2ywQeKqUPvZCrCiScqT83EuQLMfZdNekjORSL3lT8z+vE0qs5CQ2iWJIAzx/yYgZlCKfBwD7lBEs2VgRhTtVfIR4ijrBU8eVUCObiyX9J0yqbRtm8tAr1WhpHFhyAPCgBE5yAOrgADWADDB7AE3gBr9qj9qy9ae/z0YyW7uyDX9A+vgF3TpgQ</latexit>

Boundary conditions

<latexit sha1_base64="ioprONnH0UN8AE5a1pvoymQVnTQ=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hgQ/ZooDEhsbHERD4iXMjesgcb9vYuu3sm5MK/sLHQGFv/jZ3/xgWuUPAlk7y8N5OZeX4suDYYfzu5re2d3b38fuHg8Oj4pHh61tFRoihr00hEqucTzQSXrG24EawXK0ZCX7CuP71d+N0npjSP5IOZxcwLyVjygFNirPRYphV8fUOHuDwslnAVL4E2iZuREmRoDYtfg1FEk5BJQwXRuu/i2HgpUYZTweaFQaJZTOiUjFnfUklCpr10efEcXVllhIJI2ZIGLdXfEykJtZ6Fvu0MiZnodW8h/uf1ExM0vJTLODFM0tWiIBHIRGjxPhpxxagRM0sIVdzeiuiEKEKNDalgQ3DXX94knVrVxVX3vlZqNrI48nABl1ABF+rQhDtoQRsoSHiGV3hztPPivDsfq9ack82cwx84nz8Vpo8t</latexit>

<latexit sha1_base64="YKMN4g0ghe+qBmJFo3Vqp9QtZWU=">AAAB9XicbVBNS8NAEJ34WetX1aOXYCtUhJL0Yi9CwYvHCvYD2lg22027dLMJuxOlhP4PLx4U8ep/8ea/cdvmoK0PBh7vzTAzz48F1+g439ba+sbm1nZuJ7+7t39wWDg6bukoUZQ1aSQi1fGJZoJL1kSOgnVixUjoC9b2xzczv/3IlOaRvMdJzLyQDCUPOCVopIcSLV/2uAxwcnHtlPqFolNx5rBXiZuRImRo9AtfvUFEk5BJpIJo3XWdGL2UKORUsGm+l2gWEzomQ9Y1VJKQaS+dXz21z40ysINImZJoz9XfEykJtZ6EvukMCY70sjcT//O6CQY1L+UyTpBJulgUJMLGyJ5FYA+4YhTFxBBCFTe32nREFKFogsqbENzll1dJq1pxnYp7Vy3Wa1kcOTiFMyiDC1dQh1toQBMoKHiGV3iznqwX6936WLSuWdnMCfyB9fkDX9yRFA==</latexit>

<latexit sha1_base64="nfa65A4kZ8wX4ZT5dVFWBo2ma7M=">AAAB8HicbVBNSwMxEJ31s9avqkcvwVYQhLLbi70UCiIIXiq4baVdSjbNtqFJdkmyQin9FV48KOLVn+PNf2Pa7kFbHww83pthZl6YcKaN6347a+sbm1vbuZ387t7+wWHh6Lip41QR6pOYx6odYk05k9Q3zHDaThTFIuS0FY6uZ37riSrNYvlgxgkNBB5IFjGCjZUeSze1u0u/5pZ6haJbdudAq8TLSBEyNHqFr24/Jqmg0hCOte54bmKCCVaGEU6n+W6qaYLJCA9ox1KJBdXBZH7wFJ1bpY+iWNmSBs3V3xMTLLQei9B2CmyGetmbif95ndRE1WDCZJIaKsliUZRyZGI0+x71maLE8LElmChmb0VkiBUmxmaUtyF4yy+vkmal7Lll775SrFezOHJwCmdwAR5cQR1uoQE+EBDwDK/w5ijnxXl3Phata042cwJ/4Hz+AGeQjso=</latexit>

<latexit sha1_base64="fSeDdoQpXymOhpc46GvMLEKW2NA=">AAACC3icbVBNS8NAEN3Ur1q/oh69hLaCF0vSi70UCoJ4rGDaQhvDZrNpl242YXcjlpC7F/+KFw+KePUPePPfuGlz0NYHA4/3ZpiZ58WUCGma31ppbX1jc6u8XdnZ3ds/0A+PeiJKOMI2imjEBx4UmBKGbUkkxYOYYxh6FPe96WXu9+8xFyRit3IWYyeEY0YCgqBUkqtX66MYckkgdR/umqgN21ft81HAIUp9O0t9lNVdvWY2zDmMVWIVpAYKdF39a+RHKAkxk4hCIYaWGUsnzdcgirPKKBE4hmgKx3ioKIMhFk46/yUzTpXiG0HEVTFpzNXfEykMhZiFnuoMoZyIZS8X//OGiQxaTkpYnEjM0GJRkFBDRkYejOETjpGkM0Ug4kTdaqAJVEFIFV9FhWAtv7xKes2GZTasm2at0yriKIMTUAVnwAIXoAOuQRfYAIFH8AxewZv2pL1o79rHorWkFTPH4A+0zx/caJpB</latexit>



Application 2: Maintenance of diversity
While mutations create diversity, selection and noise remove it.
How can diversity be maintained? Space helps!

Rock-paper-scissor dynamics that mimics 
three species competing with each other 
(toxin-antitoxin systems in bacteria, phage-
bacteria ecologies)

Reichenbach et al, Nature 2007
Kerr et al, Nature 2002



Application 2: Maintenance of diversity

Reichenbach et al, Nature 2007

You can write system of stochastic PDEs 
(coupled reaction-diffusion like) and solve 
numerically. 
Noise is necessary to move away from 
initial conditions

If dispersal is too high (well-mixed limit), 
diversity is lost

http://demonstrations.wolfram.com/BiodiversityInSpatialRockPaperScissorsGames/



Stochastic FKPP equation: spatial range 
expansion

<latexit sha1_base64="63GNAcg7GnbJK3quR7JGJAarckI="></latexit>

<latexit sha1_base64="0uOFTMdg6urhE4x7oEaCVCjjy+U="></latexit>

<latexit sha1_base64="9VfT71pbrUkvEHxplA+3WyZgFNU=">AAACGXicbZDLSsNAFIYn9VbjrerSTbAVWtSSdKMboejGValgL9CWMplM2qGTizMnYgl9DTe+ihsXirjUlW/jNM1CW38Y+PjPOZw5vx1yJsE0v7XM0vLK6lp2Xd/Y3Nreye3uNWUQCUIbJOCBaNtYUs582gAGnLZDQbFnc9qyR1fTeuueCskC/xbGIe15eOAzlxEMyurnzEJBb2JRvCs+nMCxA6WLriswiR2YxLVJ4paKtdMZlPRCoZ/Lm2UzkbEIVgp5lKrez312nYBEHvWBcCxlxzJD6MVYACOcTvRuJGmIyQgPaEehjz0qe3Fy2cQ4Uo5juIFQzwcjcX9PxNiTcuzZqtPDMJTztan5X60TgXvei5kfRkB9MlvkRtyAwJjGZDhMUAJ8rAATwdRfDTLEKhlQYeoqBGv+5EVoVsqWWbZuKvnqZRpHFh2gQ1REFjpDVXSN6qiBCHpEz+gVvWlP2ov2rn3MWjNaOrOP/kj7+gEDtp0m</latexit>

<latexit sha1_base64="+HdXOFr2ZOyHLF26C0M3ehHwW+k="></latexit>

Defining the white noise R_t with mean 0 and variance 1

NN



Stochastic FKPP equation: spatial range 
expansion

<latexit sha1_base64="1zs0lVyjInsPDqpQwczdhZKtiDM=">AAACKXicbVDLSsNAFJ3UV42vqks3wVaoiCXpRjdC0Y2rUsE+oClhMp20QyevmRuhhPyOG3/FjYKibv0Rp4+Fth64cDjnXu69x404k2Can1puZXVtfSO/qW9t7+zuFfYPWjJMBKFNEvJQdFwsKWcBbQIDTjuRoNh3OW27o5uJ336gQrIwuIdxRHs+HgTMYwSDkpxCrVTS7QgLYJg7EF/ZnsAkjcv18/g0S+vZmU0BO2DLWEC6aGZ6qeQUimbFnMJYJtacFNEcDafwavdDkvg0AMKxlF3LjKCXTk4gnGa6nUgaYTLCA9pVNMA+lb10+mlmnCilb3ihUBWAMVV/T6TYl3Lsu6rTxzCUi95E/M/rJuBd9lIWRAnQgMwWeQk3IDQmsRl9JigBPlYEE8HUrQYZYhUHqHB1FYK1+PIyaVUrllmx7qrF2vU8jjw6QseojCx0gWroFjVQExH0iJ7RG3rXnrQX7UP7mrXmtPnMIfoD7fsHXcumEQ==</latexit>

<latexit sha1_base64="N+NcAoksBLVtmtWGyt2n4Jhvvz4=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFhPBKt6l0UYI2lhJBPMByRH2NnvJkr3dy+6eEI78CRsLRWz9O3b+GzfJFZr4YODx3gwz84KYM21c99vJra1vbG7ltws7u3v7B8XDo6aWiSK0QSSXqh1gTTkTtGGY4bQdK4qjgNNWMLqd+a0nqjST4tFMYupHeCBYyAg2VmqXyfX44r6MesWSW3HnQKvEy0gJMtR7xa9uX5IkosIQjrXueG5s/BQrwwin00I30TTGZIQHtGOpwBHVfjq/d4rOrNJHoVS2hEFz9fdEiiOtJ1FgOyNshnrZm4n/eZ3EhFd+ykScGCrIYlGYcGQkmj2P+kxRYvjEEkwUs7ciMsQKE2MjKtgQvOWXV0mzWvHcivdQLdVusjjycAKncA4eXEIN7qAODSDA4Rle4c0ZOy/Ou/OxaM052cwx/IHz+QMyw46+</latexit>

Defining the population density

and adding the diffusion term, we find: 

<latexit sha1_base64="qbB43Lgp69830qtv8u1+hRofUbY="></latexit>

At the front, there’s only few individuals, then c~1/N
Growth term and noise are comparable in strength

Weak mutations behave like neutral



Stochastic FKPP equation: expansion load

Peischl & Excoffier, Mol. Ecol. 2015 Bosshard et al., Genetics 2017



Genetic diversity in range expansions
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Fusco et al., Nat. Comm. (2016)



When/where do the jackpots appear?

S. cerevisiae switcher strain
PurpleàYellow, µ ⇡ 10�3
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Simulating colonies using minimal surface growth
Eden model

Bubbles

Sectors



Simulations agree with sequencing results
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Boundaries are like random-walks

<latexit sha1_base64="FYQNdbsEaFmepQfoyvXcjLjp20k=">AAACB3icbZC7SgNBFIZn4y3G26qlIIOJYBV202gZtbGwiGAukF2W2cnZZMjshZlZISzpbHwVGwtFbH0FO9/GyWYLTfxh4OM/53Dm/H7CmVSW9W2UVlbX1jfKm5Wt7Z3dPXP/oCPjVFBo05jHoucTCZxF0FZMceglAkjoc+j64+tZvfsAQrI4uleTBNyQDCMWMEqUtjzzuHbpSBbiWy9zEhDJNAciCOfApzXPrFp1KxdeBruAKirU8swvZxDTNIRIUU6k7NtWotyMCMUoh2nFSSUkhI7JEPoaIxKCdLP8jik+1c4AB7HQL1I4d39PZCSUchL6ujMkaiQXazPzv1o/VcGFm7EoSRVEdL4oSDlWMZ6FggdMAFV8ooFQwfRfMR3pEKjS0VV0CPbiycvQadRtq27fNarNqyKOMjpCJ+gM2egcNdENaqE2ougRPaNX9GY8GS/Gu/Exby0Zxcwh+iPj8weeb5kl</latexit>

<latexit sha1_base64="AIDDHoZ2GX+uncNUay3kGF1Dt/E=">AAACEHicbVC7TgJBFJ31ifhatbSZCEYrskujhRiijYUFGl4Jr8wOd2HC7CMzsyaw4RNs/BUbC42xtbTzbxxgCwVPcpOTc+7Nvfc4IWdSWda3sbS8srq2ntpIb25t7+yae/tVGUSCQoUGPBB1h0jgzIeKYopDPRRAPIdDzRlcT/zaAwjJAr+shiG0PNLzmcsoUVrqmCfZ207cDEGE4/aocHHfHl02JfNwuTDViSCcAx9nO2bGyllT4EViJySDEpQ65lezG9DIA19RTqRs2FaoWjERilEO43QzkhASOiA9aGjqEw9kK54+NMbHWuliNxC6fIWn6u+JmHhSDj1Hd3pE9eW8NxH/8xqRcs9bMfPDSIFPZ4vciGMV4Ek6uMsEUMWHmhAqmL4V074OgSqdYVqHYM+/vEiq+Zxt5ey7fKZ4lcSRQofoCJ0iG52hIrpBJVRBFD2iZ/SK3own48V4Nz5mrUtGMnOA/sD4/AH4c5yI</latexit>

<latexit sha1_base64="8Gyy7Hr2Fj7mKdWg6FgvGYqACII=">AAACAHicbVC7TsMwFHXKq5RXgIGBxaJFQkKqki4wFlgYGIpEH1ITIsd1Wqt2YtkOUomy8CssDCDEymew8Te4jwFajnSlo3Pu1b33hIJRpR3n2yosLa+srhXXSxubW9s79u5eSyWpxKSJE5bITogUYTQmTU01Ix0hCeIhI+1weDX22w9EKprEd3okiM9RP6YRxUgbKbAPKheeohzeBJkniBT5ffZ46uaVwC47VWcCuEjcGSmDGRqB/eX1EpxyEmvMkFJd1xHaz5DUFDOSl7xUEYHwEPVJ19AYcaL8bPJADo+N0oNRIk3FGk7U3xMZ4kqNeGg6OdIDNe+Nxf+8bqqjcz+jsUg1ifF0UZQyqBM4TgP2qCRYs5EhCEtqboV4gCTC2mRWMiG48y8vklat6jpV97ZWrl/O4iiCQ3AEToALzkAdXIMGaAIMcvAMXsGb9WS9WO/Wx7S1YM1m9sEfWJ8/mAiVvw==</latexit>

<latexit sha1_base64="usSkr06KsK6sxBwQtpX1VsynTno=">AAAB9HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lmgETOBC9pY92LC3d+7OYQjhd9hYaIytP8bOf+MCVyj4kkle3pvJzLwgkcKg6347ubX1jc2t/HZhZ3dv/6B4eNQ0caoZb7BYxvohoIZLoXgDBUr+kGhOo0DyVjC8nvmtEddGxOoexwn3I9pXIhSMopX8cudO9AdItY6fyt1iya24c5BV4mWkBBnq3eJXpxezNOIKmaTGtD03QX9CNQom+bTQSQ1PKBvSPm9bqmjEjT+ZHz0lZ1bpkTDWthSSufp7YkIjY8ZRYDsjigOz7M3E/7x2iuGlPxEqSZErtlgUppJgTGYJkJ7QnKEcW0KZFvZWwgZUU4Y2p4INwVt+eZU0qxXPrXi31VLtKosjDydwCufgwQXU4Abq0AAGj/AMr/DmjJwX5935WLTmnGzmGP7A+fwBTdGRxw==</latexit>

<latexit sha1_base64="4a7kEH4ncqTwJ+2cYFhavKRDiAY="></latexit>

<latexit sha1_base64="WPmPjs0Pxd7kbVDCXFCWdB+co7E=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsabUyINpaYeGACF7K3DLBhb++yu2eCF36DjYXG2PqD7Pw3LnCFgi+Z5OW9mczMCxPBtXHdb6ewtr6xuVXcLu3s7u0flA+PWjpOFUOfxSJWDyHVKLhE33Aj8CFRSKNQYDsc38z89iMqzWN5byYJBhEdSj7gjBor+dWnq3q1V664NXcOskq8nFQgR7NX/ur2Y5ZGKA0TVOuO5yYmyKgynAmclrqpxoSyMR1ix1JJI9RBNj92Ss6s0ieDWNmShszV3xMZjbSeRKHtjKgZ6WVvJv7ndVIzuAwyLpPUoGSLRYNUEBOT2eekzxUyIyaWUKa4vZWwEVWUGZtPyYbgLb+8Slr1mufWvLt6pXGdx1GEEziFc/DgAhpwC03wgQGHZ3iFN0c6L86787FoLTj5zDH8gfP5A5Rhjds=</latexit>

Diffusive RW

<latexit sha1_base64="5fN6BZEnJRAu8eAPPt1HFzTl4hg=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYiJYxbtYaCMEbSwjmA9IjrC3mUuW7O0du3tCDPkRNhaK2Pp77Pw3bpIrNPHBwOO9GWbmBYng2rjut7Oyura+sZnbym/v7O7tFw4OGzpOFcM6i0WsWgHVKLjEuuFGYCtRSKNAYDMY3k795iMqzWP5YEYJ+hHtSx5yRo2VmqWn64vzSqlbKLpldwayTLyMFCFDrVv46vRilkYoDRNU67bnJsYfU2U4EzjJd1KNCWVD2se2pZJGqP3x7NwJObVKj4SxsiUNmam/J8Y00noUBbYzomagF72p+J/XTk145Y+5TFKDks0XhakgJibT30mPK2RGjCyhTHF7K2EDqigzNqG8DcFbfHmZNCplzy1795Vi9SaLIwfHcAJn4MElVOEOalAHBkN4hld4cxLnxXl3PuatK042cwR/4Hz+AHV/jlE=</latexit>

Superdiffusive RW 
(Kardar-Parisi-Zhang)



Surface growth and allele surfing
Individuals at the front are more 
likely to stay at the front and keep 
their offspring at the front

Well-mixed tree



Evolution of species: Bak-Sneppen model

Define a vector (B1,….BN) which defines the stability of a species
At each time step, find the minimum B_i and replace it and its nearest neighbors with random number [0,1]

Models of life, Sneppen



Evolution of species: Bak-Sneppen model

Ti
m

e

Species

Dynamic tends to localize

Emergence of a critical Bc, which is the minimum that 
gives stability

Variants of the model change Bc (dimension, neighbor 
update, etc…)


